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동기

• 소수점 분석을 위한 배경지식
• 예) 로봇 제어 프로그램

• 소수점 안전 불감증
• 문제는 알고 있지만 잘 될것이라 믿음
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• 황금비의 거듭제곱

예

main(){
float x, y, z;
int i;
x = 1;
y = (sqrt(5) - 1)/2;
for (i = 1; i <= 20; i++){

z = x;
x = y;
y = z - y;
printf(“phi^%d=%f\n”,i,x);

}
}

main(){
float t;
int i;
for (i = 1; i <= 20; i++){

t = t*(sqrt(5)-1)/2
printf(“phi^%d=%f\n”,i,x);

}
}
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예제

Eric Goubault. Static analysis of floating-point operations. SAS 01

왼 오
phi^1 0.618034 0.618034
phi^2 0.381966 0.381966
phi^3 0.236068 0.236068
phi^4 0.145898 0.145898
phi^5 0.090170 0.090170
phi^6 0.055728 0.055728
phi^7 0.034442 0.034442
phi^8 0.021286 0.021286
phi^9 0.013156 0.013156
phi^10 0.008130 0.008131
phi^11 0.005026 0.005025
phi^12 0.003103 0.003106
phi^13 0.001923 0.001919
phi^14 0.001180 0.001186
phi^15 0.000743 0.000733
phi^16 0.000437 0.000453
phi^17 0.000306 0.000280
phi^18 0.000131 0.000173
phi^19 0.000176 0.000107
phi^20 -0.000045 0.000066

main(){
float x, y, z;
int i;
x = 1;
y = (sqrt(5) - 1)/2;
for (i = 1; i <= 20; i++){

z = x;
x = y;
y = z - y;
printf(“phi^%d=%f\n”,i,x);

}
}

main(){
float t;
int i;
for (i = 1; i <= 20; i++){

t = t*(sqrt(5)-1)/2
printf(“phi^%d=%f\n”,i,x);

}
}

4



예
• 무심코 지나치는 타입 변환

int main(){
double x, a;
double y, z, f;
x = 1125899973951488.0;
a = 1.0;
y = (x+a);
z = (x-a);
f = y - z;
printf(“%f\n”, f);

}

int main(){
double x, a;
float y, z, f;
x = 1125899973951488.0;
a = 1.0;
y = (x+a);
z = (x-a);
f = y - z;
printf(“%f\n”, f);

}

*P. Cousot, ROSAEC seminar slide

int main(){
double x, a;
float y, z, f;
x = 1125899973951487.0;
a = 1.0;
y = (x+a);
z = (x-a);
f = y - z;
printf(“%f\n”, f);

}
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2.0
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IEEE 754 표준
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• 실수를 표현하는 방식 중 하나
• 참고) floating slash, signed logarithm

• 표준 실수 표기법으로 지정
• IEEE 754 (1985년)

부동 소수점
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• β : 기수(base), p : 유효숫자 (precision)

• d.d...d : 가수(significand), e : 지수(exponent)

•  

• 예) 0.1 

•                                   (β = 10, p = 3)

•                                   (β = 2, p = 7)

형식

1.00× 10−1

1.100110× 2−4

±d0.d1d2 · · · dp−1 × βe (0 ≤ di < β, emin ≤ e ≤ emax)
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형식
• β = 2
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Parameter
FormatFormatFormatFormat

Parameter
Single Single-Extended Double Double-Extended

p 24 32 53 64

max exp +127 +1023 +1023 >16383

min exp -126 ≤-1022 -1022 ≤-16382

exp width 8 ≤11 11 15

format width 32 43 64 79



Normalized Number

• 가수의 첫 숫자가 0이 아닌 수
• 같은 숫자 - 다른 표현 중 대표

• 예) 0.1 : 0.01× 101, 1.00× 10−1
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Normalized Number

• 가수의 첫 숫자가 0이 아닌 수
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• 단, 0 = 1.0× βemin−1



Rounding Modes

• round toward +∞ : 올림

• round toward -∞ : 내림

• round toward 0 : 버림

• round toward nearest : 반올림
11

double pi = 3.141592

3.14159179 3.14159203



Rounding Modes

• round toward +∞ : 올림

• round toward -∞ : 내림

• round toward 0 : 버림

• round toward nearest : 반올림
11

double pi = 3.141592

3.14159179 3.14159203

r(2.5) = 2
r(-2.5) = -2 



• 정확하게 계산한 후 라운딩
• 예 :

연산
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2.15× 1012 − 1.25× 10−5

x = 2.1500000000000000000× 1012

y = 0.0000000000000000125× 1012

x− y = 2.1499999999999999875× 1012

→ 2.15× 1012



특별한 값
• 특별한 상황의 결과
• 매끄러운 예외처리를 위해

13

�� �� ��
e = emin − 1 f = 0 ±0
e = emin − 1 f �= 0 0.f × 2emin

emin ≤ e ≤ emax – 1.f × 2e

e = emax + 1 f = 0 ±∞
e = emax + 1 f �= 0 NaN



NaN

• Not a Number

• 중간결과가 NaN이면 최종결과도 NaN
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�� NaN ��
+ ∞+ (−∞)
× 0×∞
/ 0/0, ∞/∞
% x%0,∞%y
√ √

x (when x < 0)



무한대

• 표현가능한 가장 큰/작은 수보다 
큰/작은 경우
• 예)

  

• 0이 아닌 수를 0으로 나누는 경우

15

β = 10, p = 3, emax = 127, x = 5.00× 10100

x2 =∞



±0

• Normalized Number는 0을 표현 못함
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±0

• 무한대의 부호를 보존하기 위하여
• 예) 

• 0 에서 불연속 함수인 경우
• 예) 

17

1/(1/∞) =∞ 1/(1/(−∞)) �=∞
x = ±∞, 1/(1/x) = x?

log(+0) = −∞, log(−0) = NaN



Denormalized Number

• Normalized Number가 못다루는 작은 수
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Denormalized Number

• 예) Normalized number만 사용하면 

•

19

31

Figure 2 Flush To Zero Compared With Gradual Underflow

Figure 2 illustrates denormalized numbers. The top number line in the figure
shows normalized floating-point numbers. Notice the gap between 0 and the
smallest normalized number . If the result of a floating-point
calculation falls into this gulf, it is flushed to zero. The bottom number line
shows what happens when denormals are added to the set of floating-point
numbers. The “gulf” is filled in, and when the result of a calculation is less
than , it is represented by the nearest denormal. When denormalized
numbers are added to the number line, the spacing between adjacent floating-
point numbers varies in a regular way: adjacent spacings are either the same
length or differ by a factor of !. Without denormals, the spacing abruptly
changes from  to , which is a factor of , rather than the
orderly change by a factor of !. Because of this, many algorithms that can have
large relative error for normalized numbers close to the underflow threshold
are well-behaved in this range when gradual underflow is used.

Without gradual underflow, the simple expression x - y can have a very large
relative error for normalized inputs, as was seen above for x = 6.87 " 10-97 and
y = 6.81 " 10-97. Large relative errors can happen even without cancellation, as
the following example shows [Demmel 1984]. Consider dividing two complex
numbers, a + ib and c + id. The obvious formula

# i

suffers from the problem that if either component of the denominator c + id is

larger than , the formula will overflow, even though the final result
may be well within range. A better method of computing the quotients is to
use Smith’s formula:

0 !
emin !

emin 1+
!

emin 2+
!

emin 3+

0 !
emin !

emin 1+
!

emin 2+
!

emin 3+

1.0 !
emin"

1.0 !
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! p$ 1+ !
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emin !p 1$
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c id+
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c2 d2
+

bc ad$

c2 d2
+

+=

!!
emax 2⁄

β = 10, p = 3, emin = 98
x = 6.87× 10−97, y = 6.81× 10−97

x− y = 6.0× 10−99 0



Denormalized Number

• 예) Normalized number만 사용하면 

•

20

if(x != y) 
z = 1/(x-y);

β = 10, p = 3, emin = 98
x = 6.87× 10−97, y = 6.81× 10−97



Denormalized Number

21

31
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현실
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애매모호

23

• IEEE754는 하드웨어 관점
• PL의 의미를 강제하지는 않음

• 프로그래머, 컴파일러는 ‘그저 그러려니’



위험한 프로그램
• 애매한 타입 변환 (C 언어)

• double - float 변형시 오차 발생

24

float q = 3.0/7.0;
if(q == 3.0/7.0){
printf(“equal”);

}else{
printf(“not equal”);

}
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24

float q = 3.0/7.0;
if(q == 3.0/7.0){
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}else{
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$./a.out
not equal



예
• 무심코 지나치는 타입 변환

int main(){
double x, a;
double y, z, f;
x = 1125899973951488.0;
a = 1.0;
y = (x+a);
z = (x-a);
f = y - z;
printf(“%f\n”, f);

}

int main(){
double x, a;
float y, z, f;
x = 1125899973951488.0;
a = 1.0;
y = (x+a);
z = (x-a);
f = y - z;
printf(“%f\n”, f);

}

*P. Cousot, ROSAEC seminar slide

int main(){
double x, a;
float y, z, f;
x = 1125899973951487.0;
a = 1.0;
y = (x+a);
z = (x-a);
f = y - z;
printf(“%f\n”, f);

}
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예
• 이유
• Float : 24 bit 유효 숫자

• Double : 53 bit 유효 숫자

float

double

8 24

11 53

Rounding

26

exp p



예
int main(){

double x;
x = 1125899973951488.0;
printf(“%f\n”, f);

}

1,125,899,906,842,624

int main(){
float x;
x = 112589973951487.0;
printf(“%f\n”, f);

}

int main(){
float x;
x = 112589973951488.0;
printf(“%f\n”, f);

}

112,589,973,951,488

int main(){
float x;
x = 112589973951489.0;
printf(“%f\n”, f);

}

1,125,899,906,842,624 1,125,900,041,060,352= <<
27



위험한 최적화
• 코드 최적화 단계에서 의미가 바뀔수도

28

x / 10.0

0.1 * x



소수점 값 분석

• 문제 

• 분석기 자체의 소수점 값 오차

• 분석기 만드는 언어와 분석 대상 언어의 괴리

29



유용한 도구

• 유용한 라이브러리 :  APRON*

• 부동 소수점 비롯 여러 수학적 도메인

30

*http://apron.cri.ensmp.fr

http://apron.cri.ensmp.fr
http://apron.cri.ensmp.fr


APRON

31

let s = “3.1415926” in
let l = Mpfr.init2 24 in
let u = Mpfr.init2 24 in
let ub = Mpfr.set_str x s Mpfr.up in
let lb = Mpfr.set_str x s Mpfr.down in
...

문자열 : 라운딩 오차 방지

C float 타입 : 가수 24비트 

라운딩 모드 : 올림, 내림



마무리

• 소수점 값 분석 : 
소.무.연.의 좋은 연구 대상
• 프로그래머의 예상 밖

• 소수점 숫자를 사용하는 중요한 SW가 산재
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