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Automatic Discovery of Fast 3 x 3 Matrix Multiplication
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(a+ bi)(c+ di) = ac+ adi + bei — bd

axc
axd
bxc
bxd



(a+bi)(c+ di) = ac — bd + adi + bci

ki =cx (a+Db)
kay=ax (d—c)
ks = b x (¢ +d)
Mas =k~ by
S8 =k + ke
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z=x1-10+ z¢
y=y1-10+yo
22 =21 X1

21 =21 X Yo+ To X Y1
20 = X0 X Yo

xy = (21 - 10+ o) (y1 - 10 + yo) = 22 - 100 + 21
o{™s| Fdl Y| 217 5K 2

21 = (1 +20) X (Y1 +yo) — 22 — 20
Ml =

-10+ZO
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r=ux1-B™+ 10
y=y1-B"+yo

29 =1 X Y1
z1 = (21 +0) X (y1+y0) — 22 — 20
20 = o X Yo

Ty =29+ B + 21 - B™ + 2
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Aja « B B\ _ ( Cu
Ago By By Co1
Ci1 = A1 X By + A2 X By
Ci2 = A1 X Bia + A2 X B

Co1 = A2 x Bi1 + Az X By
Cag = Az X Bia + Agg X By

Ci2
Ca
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My = (Aq1 + Agz) x (Bi1 + Bao)
My = (A1 + As2) X By

M3z = Ayy x (B12 — Bay)

My = Ago X (=By1 + Bay)

Ms = (A11 + A12) X By

Mg = (A1 + A21) x (B11 + Bi2)
My = (Ai2 + Agz) x (Ba1 + Ba2)

Cy1 = My + My — Ms + My
C12 = M3+ M;5
Co1 = My + My
Ca2 = My — My + M3 + Mg
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My = (A11 + A12 + A13 — A21 — Aga — Aga — Agz) X Bag
My = (A11 — A21) X (=Bi12 + Ba22)

M3 = Aga X (B11 + Bi12 + Ba1 — B2z — Ba3 — B31 + B33)
My = (—A11 + A21 + Ag2) X (B11 — Bi2 + B22)

Ms = (A21 + Az2) X (—=B11 + Bi2)

Mg = A11 X B1y

M7 = (—A11 + Az1 + Az2) X (B11 — B3 + Bag)

Mg = (—A11 + Az1) X (B1z — Bag)

Mg = (As1 + Az2) X (—B11 + Bi3)

Mo = (A11 + A12 + A1z — Ag2 — A23 — Az1 — Ag2) X Bag
My1 = Aza X (—=B11 + B13 + B21 — Ba2 — B23 — B31 + B32)

Mz = (—A13 + A3z + Azz) X (B2 + B31 — B32)
M3 = (A13 — Asz) X (B22 — B32)

Mg = A13 X B3y

Mys = (As2 + Asz3) X (—Bs1 + Bs2)

M16 = (—A13 + A2z + Az2) X (Bas + B31 — Bss)
My7 = (A1 — A23) X (B2s — Bss)

Mg = (A22 + A23) X (—Bs1 + Bass)

Mig = A1z X B2
Moo = Azz X B3z
Mz = Az1 X Big

= Az1 X Bi2
Mz = Az3 X B3z

=l 278 — 235

Ci

Ci3
C21

Cas
C31

C33

Mg + M14 + Mig

My + My + Ms + Mg + M2
Mg — M7 — Mg + My — M.
Mo + M3 + My — Mg + Mg
Mgy + My + Ms + Mg + Ma2g
Mg + My + M7 + Myg + 1
Mg + M7 + Mg — Mi1 + M
My + Mig + Mg + Mys5 + |
Mg + M7 + Mg + Mg — Mag
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Group 1 (Strassen’s Solution) Group 2 Group 3
Pr=A(B; = Ai(B3 = By) Ai(B3 = By)
Py = (A +A7)Bs (A, + A)Bs (A1 + A7)
Py = (A3 + A3)B) A(By + Ba) 3 — A3)B;
P:=As(—B + By) = A3(B1+ B3) Pi=A3(B + By)
Ps = (A1 + As)(B1 + By) (Ay + A4)(B1 = By) A+ Ay + A3+ Ay)(B1 + By + B3 + By)
Pe = (A2 — As)(B + Bs) = (A1 + A2 + A3)(B1 + By) Pa=(A1+A1— Az + As)(B1+ By + B3 — By)
Pr=(=A1+A3)(B) + By) (A1 + Ay + A3 + A4)B) AL = Ay + A3 — A4)(B1 = By + By — Bi)
Ci=—PizPis Pt Py PP by P = Pix 03Py = 05P;

PP, C.- PP P b

=Pie P Ci=Pr+ = Poe Py P bs
Ci=P =Py +Ps+ Py Ci= =P+ Pys Po— P Py — Ps+0.5P; —0.5P,
Group 4 Group 3 Group 6
Py = Ay(=B, + By — By + Bs) = (A +Ay)(B, + B3) Py = (A + Ay)(B; + By)
Py=A\(Bi = B> — By + Bs) (A +4; — A5+ A)(B; — Bs) Ay = A3)(Bs — By)
Py = (A, + AL) (B, — By + By + B2) (—As + A)(B, — By) Ay — A)(B; — B; — Bs + By)
Pi=(A1 = A3)B3 (A1 +Ay = A3 = A2)(B1 + By) A1+ As)Bi + B + B3+ Bs)
Ps = (A3 + As)(B1 + B3) (A1 = A2 = A3+ As)(B1 — = As3)(B1+ Ba)
Po =(A1+ A2)(By — Bs) Aa(B1 = By + By = By) (A1 +As = A3 — A4)(B) = Bs)
Pr=(Ay— As)B: A4(B1+ By — By — Bs) — A+ A3 — A4)(B1 + B3)
C1=05P1 +0.5P2+0.5P3 + Py + Py =0.5P +0.5P =0.5P; +0.5P5 =0.5P1 +0.5P) = 0.5P3 +0.5Ps + Ps

0.5P —0.5P,+0.5P + P 05P1—0.5P2+0.5P; —0.5P5 — Ps 5P +0.5P
03P 03P, —0.5P; = Py = Ps 3 =0.5P +05P, —05P; —05P: 0.5P, —05P, + 03P <03P; —05P + 0.5P;

C:=05P =0.5P,+0.5P; = Ps C:=05P1+05P, +05P3 = 0.5Ps = P 0.5Ps+0.5P;
Group 7 Group 8 Gmup 9 |\an)gr.u.{ S Solution)
P =A B, P =A,B, P =AB
P, = A B, Pr= A8, A28,
Py = Ay(B| + By + B3 + By) Py = A3(B; + By) As(B, + B, + By + By)
P, =(Ay+Ag)(B, = B, — B, — By) Py= (A, + A)(B + By + By + Bo) Ay + A)(B; + By
Ps = (A3 = As)(By + Bs) Ps=(A; = A3)Bs Az = As)(Ba + Ba)
Po=(Ay = A3+ As)(By = By = By = Bs) | Po=(Ay = A3+ As)(B1 + B3+ Bs) Ay = A3+ A4)(By = By = By = By)
Pr=(A1— Ay + A3 — Ay)(B1 — B4) Pr=(A1 — A2+ A3 — As)(B1 + B3) - A+ A3 = AYBy

— P =P, Ci =P +P; P+ Py
CiP - PP P b Cr= P+ Piabos b “Pas b P Py
Cy=— Py +05P; =055, + 03P Cic—P- P+ Pim Py P b= Pii B
Ci= Py =05P;=05P= Ps =057, CizPi=Ps CazPrwPimPs=Po
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