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I =5t (Classical/Ordinary Mathematics)
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@ Freek Wiedijk: Formalizing 100 Problems
(http://www.cs.ru.nl/~freek/100/)

@ MSR-INRIA joint center (Georges Gonthier: 42 H 2| S )
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http://www.cs.ru.nl/~freek/100/

o ~5l (Reverse Mathematics)
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CHEA A A|AE! (The Big Five Systems)

o o Mt M7t 27| At=(Second Order Aritmetic) 2|
=

HE2X| A (subsystem)A| M| SHIts

@ RCA(, WKLy, ACA,, ATRy, IT}-CAy7 28 A2 &t
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@ RCA,: Baire category theorem, Intermediate Value Theorem,
Soundness of predicate logic

@ WKL, = Heine/Borel covering lemma = Gddel's Completeness
Theorem = Brouwer’s Fixed Point Theorem = Separable
Hahn/Banach Theorem = Countable commutative rings have a
prime ideal

@ ACA, = Bolzano/Weierstral3 Theorem = Countable commutative
rings have a maximal ideal = Ramsey’s Theorem for coloring’s of
[N]"

@ ATR( = Countable well-orderings are comparable = Perfect Set
Theorem = Lusin’s separation theorem

@ II}-CA, = Cantor/Bendixson Theorem = Trees have a largest
perfect subtree = Silver’s Theorem

O|A&| (stAcHst) Cogg 0|8t %48t 10/32



k=

[
-3

O|A|

Ol
HT

strong

medium

weak

(BtACham

ZF 2R
Zermelo set theory
HOL (Church’s Simple Type Theory)

Zy (full 2nd order arithmetic)

ni-CAg

CZF (Aczel's Constructive Set Theory)
ATRy

ACAqy

HAY (intuit. arithm. in finite types)
PA

WKL,

RCAg

X

PRA (prim. rec. arithmetic)

EFA (elementary funct. arithmetic)

Coqg 0|88t 2%

o

System F,, 5+
Girard's System F,

Girard-Reynolds" System F

Gédel's System T
Gédel's System T
Godel's System T

prim.
prim.
prim.
prim.
prim.

rec
rec
rec
rec
rec

. funct.
. funct.
. funct.
. funct.
. funct. up to p*
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27| At=(Second order arithmetic, Z»)

229_| 0,_‘IO‘| L2:

@ first order quantification over natural numbers (n,m, ...):

AL AL o AL O SEA o= = O
» XA, H, REIT, B2IAE, R64Y, {KEILIF SS2 oA

@ second order quantification over sets of natural numbers (X,7, ...)

2tneX:
» countable sequences, &%=, J&, fields, HIE{ 27t &t S 52
CHAS

O|A&| (stAcHst) Coqg 0|28t %45t 15/32



2 &= =2

(i) basic axioms:

0|4} (3Hzthstm)

n+1#0
m+l=n+1—->m=n
m+0=m
m+n+1)=(m+n)+1
m-0=0
m-(n+1)=(m-n)+m
—m < 0

m<n+1< (m<nVm=n)

Cogg 0|88t of %5t 16/32
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(1) inducion axiom:

(IND) 0eX—>VnneX—-n+1€X)— VnneX)

(iif) comprehension scheme:
(CA) IXVn(ne X < A(n))

where A(n) is any L, formula in which X does not occur freely.

17/32
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o A (R): fE|+E 0|88t TA| =Y (Cauchy sequences)
x={(q,:n€eN), g, €QO|E:

Vee Qe>0—3ImVn(m<n —|gm—qnl|<e)]

O|A&| (stAcHst) Coqg 0|28t %45t 18/32



The Arithmetical Hierarchy

@ Aexl iff A<« B(n,m,Y) with B primivie recursive
@ AclI) iff A< B(n,m,Y) with B primivie recursive

@ AecY?

0., iff A< InB(n,m,Y)with B € II}

@ Aeclly,, iff A<« VnB(n,m,Y)withBe X}

oA Al (BtACHE ) Cog2 0|28t 2448t 19/32



The Analytical Hierarchy

e Aeyx) iff A« B(m,Y)e X for some k
@ AcIl iff A< B(mY)e X forsomek
eAex],, iff A« 3IXB(X,m,Y)with Bell]

k+1

@ Aeclly,, iff A« VXB(X,mY)withBeX,

oA Al (BtACHE ) Cog2 0|28t 2448t 20/32



The big five

@ RCA, = Recursive Comprehension Axiom (CA on A{ formulae)
@ WKL, = RCAy+ Weak Kdnig's Lemma (WKL)

@ ACA, = RCA(+ Arithmetic Comprehension Axiom (CA on X9
formulae)

@ ATRy = ACA(+ Arithmetic Transfinite Recursion (ATR on
arithmetic formulae)

@ II1-CAy = ACA, + CA on 11} formulae

O|A|4| (stcHstu) Coq2 0|86t 8} 21/32



Comprehension vs. Separation

(S-CA):
X Vn(n € X <> A(n))

foranyA € S

O|A&| (stAcHst) Coq2 0|8t %45
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Comprehension vs. Separation

(S-CA):
X Vn(n € X <> A(n))

foranyA € S
(S-SEP)
Vn—=(Ai1(n) NAz(n)) — IXVn((A1(n) = n € X) A (Ax(n) — n ¢ X))

forany Ay (n),Ax(n) € S.

oA Al (BtACHE ) Cog2 0|28t 2448t 22/32



Separation 22|
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Separation 22|
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2 2F (Simpson '99)

system | characterization | f.o. fragment | functions
RCA, AJ-CA 13 prim. rec
WKL, »9-SEP 13 prim. rec.
ACA, »0-CA PA System T
ATR, »1-SEP

I1}-CAo »1-CA

o|AH|Al (stZcHstm) Coq2 0|85t %5} 25/32



S1-S;-Interpolation

VnlAi(n) = Ax(n)] — 3XVn[(Ai(n) > neX)AN(neX— Ax(n))]

for A,(n) € S;.
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Interpolation 22|
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Interpolation 22|
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S1-S;-Interpolation

@ S-CA iff S-S-INTERPOL.

@ S-SEP iff S-—S-INTERPOL.
where =S := {-A | A € S}.

O|A&| (stAcHst) Coq2 0|8t %45
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system | new characterization | old characterization
RCA, | IIV-20-INTERPOL (i.e. A)-CA)

WKLy | 29-T19-INTERPOL (i.e. X0-SEP)

ACA, | X0-20-INTERPOL (i.e.,29-CA)

ATRy | Z{-II}-INTERPOL (i.e., ${-SEP)
I1}-CA, | ©{-X1-INTERPOL (i.e.,.X]-CA)

0|4} (3Hzthstm)

Cog2 0|85t o5t

30/32



M
!
=l
Nl

'0eP) I''nePFn+1€P nfresh IND
I'kFrepP (IND)

r }—Al[l‘/l/l] AL eS8
F'Fre{n|A <A}

(INTERPOL,)

I'ktre {n\Al DAz} Ay e S, T A A
T+ Asft/n]

(INTERPOLE)
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