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class Eg a where
(==) :: a —> a —> Bool

O|Al= Eq ag 2=t EIY ao s M2t S2d(==) A d2
B 7S

=/= :: Eqg a => a —> a -> Bool

Bool ¢f0i| ¥ol=l 244 2t

instance Eq Bool where
x ==y = if x then y else (not y)
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First-Class Type Classes in Coq

o HUjHo = 2[Z0 L E,

@ Matthieu Sozeau and Nicolas Oury, TPHOLs 2008.
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» record type, dependent type theory, type inference, unification &
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o Z0j|Af:

Class EgDec (A : Type) := {
egqgb : A -> A —> bool ;
egb_leibniz : forall x vy,

egb x y = true -> x =y }.

Instance eq _bool : EgDec bool :=

{ egb x y = 1if x then y else negb vy }.
Proof. .... Qed.
O|AA! (HKNU)
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o First-class2tA] 7ts35t H3 1 (5H4 polymorphism):

Definition negb {A} {ega : EgDec A} (x y : A) :=
negb (egb x y).
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@ First-class2tM 7HsSH B3 2 (Of7H 4 QIAEA):

Instance prod_egb ‘(EA : EgDec A,

EgDec (A % B) :=
{ egb x vy := match x, y with
| (la, ra), (lb, rb) =>

andb (egb la 1b) (egb ra rb)

end }.
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Class Ord ‘(E : EgDec A) :=
{ le : A —> A —> Dbool }.

o Oz stAZA Ho|of| ChS:

Class ‘(E : EgDec A) => Ord A :=
{ le : A —> A —> bool }.
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o
Class Reflexive (A : Type) (R : relation A) :=
reflexivity : forall x, R x x.

Class Transitive (A : Type) (R : relation A) :=

transitivity
forall xy z, Rxy >Ry z >R X z.
@ Preorder= & S22 9| 59| S24A0|Ct.

Class PreOrder (A : Type) (R : relation A) :=
{ PreOrder_Reflexive :> Reflexive A R ;
PreOrder_Transitive :> Transitive A R }.

O|AlAl (HKNU) Type Classes in Coq 10/ 24



W =0l M L2V

@ Castéran and Sozeau: “A Gentle Introduction to Type Classes and
Relations in Coqg”, 2014
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@ ZIQHLH1:

North::North::East::South::South::South::
West::West::nil

o ZotL2:

South::West::nil
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Inductive direction : Type :=
North | East | South | West.

Definition route := list direction.

Record Point : Type :=
{Point_x : Z; Point_y : Z}.

Definition Point_O := Build_Point 0 O.
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o ZQHL metrto|:

Definition translate (dx dy:Z) (P : Point) :=
Build_Point (Point_x P + dx) (Point_y P + dy).

Fixpoint move (r:route) (P:Point) : Point :=
match r with
| nil => P
| North :: r’ => move r’ (translate 0 1 P)
| East :: r’ => move r’ (translate 1 0 P)
| South :: r’ => move r’ (translate 0 (-1) P)
| West :: r’ => move r’ (translate (-1) 0 P)
end.
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Definition route_equiv : relation route :=
fun r v’ => forall P, move r P = move r’ P.

Infix "=r=" := route_equiv (at level 70).

Example Ex1
East::North::West::South::East::nil

=r= FEast::nil.
Proof. ... Qed.

O|AlAl (HKNU) Type Classes in Coq 16/24



o =r=7} AYLZ x| & (equivalence relation)O|C}.

Lemma route_equiv_refl : Reflexive route_equiv.
Proof. ... Qed.
Lemma route_equiv_sym : Symmetric route_equiv.
Proof. ... Qed.
Lemma route_equiv_trans : Transitive route_equiv.
Proof. ... Qed.

e 12y ....

Goal forall r, r =r= r.
Proof. intro; reflexivity.
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Class Equivalence {A} (R : relation A)
Equivalence_Reflexive :> Reflexive R ;
Equivalence_Symmetric :> Symmetric R ;

Prop

Equivalence_Transitive :> Transitive R }.

Instance route_equiv_Equiv : Equivalence
Proof. ... Qed.

Goal forall r, r =r= r.
Proof. intro; reflexivity. Qed.
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Proper &t

@ rewrite EHEl AL25}7|
Lemma route_cons
forall r v’ d, r =r= v’ -> d::r =r= d::xr’".
Proof.
intros r r' d H P; rewrite H.

Error:
Abort.
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@ cons g7t proper &2 Proper 22iA Q| QIAEHAZ 3HOI5H
ZF0{0} gt
Instance cons_route_Proper (d:direction)
Proper (route_equiv ==> route_equiv) (cons d).
Proof. ... Qed.

Lemma route_cons

forall r r' d, r =r= r’ -> d::r =r= d::xr’.
Proof.

intros r r’ d H P; rewrite H; reflexivity.
Qed.

O|A Al (HKNU) Type Classes in Coq

20/24



Proper gt

@ move2t app et4== properO|Ct.

Instance move_Proper
Proper (route_equiv ==> eq ==>
Proof. ... Qed.

Instance app_route_Proper
Proper

(route_equiv ==> route_equiv
(Qapp direction).
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Proper &t

° Of|A:

Example Ex2
forall r, North::East::South::West::r =r= r.

Proof. ... Qed.
Example Ex3 : forall r r’, r =r= r’ ->
North::East::South::West::r =r= r’.

Proof. intros r r’ H. now rewrite Ex2. Qed.
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@ C-CORN 2}0|E2{2| 722 (Univ. of Nijmegen)

CommutativeMonoid i AbGroup

IntegralDomain
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» Gonthier et al., “How to make ad hoc proof automation less ad hoc”,
ICFP 2011.
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