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1 MetaML-Like Multi-Staged Calculus \g

1.1 Syntax

The syntax of MetaML-like multi-staged calculus is defined as Figure
MetaML-like multi-staged calculus admits 1ift as follows:

1ift e =gof Ax.bOX x €

It does not hold in Lisp-like multi-staged calculus [I] because the defined = and the used x
belong to different stages. Note that 1ift is not admissible in Lisp-like multi-staged calculus.

Syntax
Variable x,y € Var
Constant 1 € Const
Ezprg e i= i|xz|Azel|ee

| box e |unboxe|rune

Figure 1: Syntax of Ag

1.2 Operational Semantics

The operational semantics of As and the substitution rule for that is given as Figure [2| and
Figure [3], respectively.

Multi-staged calculus has many syntactic categories for values and expressions including
n-staged values, Valueg, and n-staged expressions, Ezprs. The operational semantics depends
on the diversified syntactic categories to rule out ill-formed programs.

The substitution in MetaML-like multi-staged calculus works across staging constructs.

To clarify n-staged values and expressions, we define the depth of expressions. For e € Ezprg,
depth of e, depth(e), is the number of nested unboxes that are not enclosed with boxes, defined
as Definition [Il
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Definitions
Value W0 =i |z | Ax.e® | box v!
Values(n>1) v" =i |z | Azo™ | o™ o™
| box v™*! | unbox v ' (n 2 2) | run v"

0

Expr u=i| x| Az.e® | e e | box e' | run e”

Ezprg(n>1) e"u=i|x|Az.e” |e" e”
| box €™ | unbox €™ *(n>1) | run e”

Operational Semantics

n ! n 7
(APP) i £—c
e1 e5 — e} b v e—v" ¢ (Az.e®) v° 2 [z — v°]e°
n+l
(BOXs) L
box e —> box €’
LY
(UNBs) £ —¢
n+1 ’ 1 1 1
unbox e — unbox e unbox (box v ) — v
n 14
(RUNs) Lt
run e —> run €’ run (box v') BN
e
(ABSs) c—°
z.e 25 Az.ef
Figure 2: Operational Semantics of \s
Substitution
[z~ v]i =1
v ifx=y
[o ]y - { y  otherwise
Ay. ifx=yoraxz¢ FV(ie)
[z~ v]\y.e = )\ :c»—>v ifz+yand y¢ FV(v) and y ¢ BV(v)
[z~ v] [y ~y'le) otherwise, where y' ¢ FV(v) and y' ¢ BV(v)

[z~ v](e1 e2) [z~ v]er [z v]es
[t~ v]box e =box [z~ v]e
[z — v]unbox e =unbox [z — v]e
[t—v]rune =run [z~ v]e

Free/Bound Variables

FV(i) =g BV(3) =g

FV(x) ={z} BV(z) =g

FV(Az.e) = FV(e)\{z} BV(\zx.e) =BV (e)u{z}
FV(61 62) :FV(€1)UFV(€2) BV(61 62) :BV(el)UBV(eg)
FV(boxe) =FV(e) BV(box e) =BV(e)

FV(unbox e) = FV(e) BV(unbox ¢) = BV (e)
FV(rune) =FV(e) BV(rune) =BV(e)

Figure 3: Substitution over Ag
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Definition 1 (Depth). For e € Exprg, depth(e) is defined as the following.

Clearly, depth(e) > 0.

depth(i) =0
depth(z) =0
depth(A\z.e) = depth(e)

depth(er e3) = max(depth(ey), depth(es))
depth(e) =1  if depth(e) >0

1o if depth(e) =0

depth(unbox ¢) = depth(e) + 1

depth(run e) = depth(e)

depth(box e)

Intuitively, the depth means the minimum stage of which the given expression is valid. For
example, if depth(e) = n, e is meaningless in semantics at the stage below n.

Furthermore, the

depth of e determines the reducibility of e at the stage n. Suppose an

expression e is not stuck and the depth of e is equal to or less than n > 0. The expressions e is
reducible at stage n if and only if the depth of e is n. Lemma [I| states these properties. Refer
to § for the proof of Lemma

Lemma 1 (Reducibility wrt Depth). Depth determines the reducibility as the follows:

e If e € Exprs then depth(e) < n.

e Ifve Values then {

o Ife 5 ¢ then

depth(v) =0 ifn=0
depth(v) <n  ifn>1

depth(e) = n.
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2 Context Calculus A¢

2.1 Syntax

The syntax of A\¢ [2] is defined as Figure [4] Note that the type system of A¢ [2] tells us that
for any hole abstraction d.X.e the hole variable X occurs only once at e and does not occur
outside the abstraction. Here, we do not introduce the type system of A\¢ explicitly.

The renamer v is a partial function from Var to Var, denoted by {y1/z1, -, yn/xn}, where
y;’s are fresh names without conflicting x;’s for the simplicity, (except identity renamers). The
renamer can be easily extended into a total function by letting v(x) = z for all = ¢ dom(v).
Therefore, we can use {} for an identity function.

Syntax
Variable T, Y, u, h, wo, wy, - € Var
Hole Variable X,Y,H € HoleVar
Renamer v € Var 25 Var
Constant i € Const
Ezpre e = i|xz|Adzel|ee

| X"|dXe|eo,e

Figure 4: Syntax of A¢

2.2 Operational Semantics

The operational semantics of A\¢ and the substitution rule for that is given as Figure [5| and
Figure [6] respectively.

Definitions
Valuee vu=i|x| X | Ave|dX.e

Operational Semantics

c
(APP,) e — e eSSl FH(e) = FH(v) =&
e1 €2~ €} e ve-Ssue (Az.e) v -5 {v/zle
C / I ,
(HAPPC) - c - 676 c
€10y ez —> €] Oy €2 VO, e— V0O, € (6X.e) o, v — (e[ X"/X])[v/X]

Figure 5: Operational Semantics of A¢
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Variable Substitution

{v/x}i
{v/z}y

{v/z}Ny.e

{v/z}(e1 e2)

{v/z} X"

{v/z}dX.e

{v/z}e1 O ez

Hole Substitution

i[v/X]
z[v/X]
(Az.e)[v/X]

i
|

v ifzx=y

y  otherwise
ifzx=yoraz¢FV(ie)

Ay {v/z}e

Ay {vfz}({y'fy} e)

{v/z}er {v/z}es

Xl/
0X {v/z}e
{ {v/z}e1 0, {v/z}es

if z ¢ dom(v)

{v/z}e1 O, e2 if © € dom(v)

ife+yandy¢ FV(v) and y ¢ BV(v)
otherwise, where 3’ ¢ FV(v) and y' ¢ BV(v)

v vy ifX=Y
i Yo/X] 1Yy ifXzY
x §Ye if X =Y
Az.e[v/X] (OY.e)lv/X] = §Ye[v/X] ifX#Y andY ¢ FH(v)

(e1 e2)[v/X]

ei[v/X] e2[v/X]

Free/Bound Variables

FV(i) =g

FV(x) - {a}

FV(\zx.e) = FV(e) \ {z}
FV(61 62) = FV(el) U FV(eQ)
FV(X") =g

FV(6X.e) =FV(e)

FV(e1 0y e2) = FV(e1) U (FV(e2) \ dom(v))

Free/Bound Hole Variables

FH(17) =g

FH(z) =g

FH(\z.e) = FH(e)

FH(€1 62) :FH(61)UFH(62)
FH(XY) = (X}

FH(6X.e) =FH(e)~{X}

FH(bei.eov) = FH(e1) U FH(ez)
Renamer Application

v =v(x)
U Az.e =AT.V|gom(u){a} €
Ve e =ve Ve

Renamer Composition

141 if Vg = {}
V1 x Vg = 125) ifV1:{}

voX.e

VelOyex =V €Oy V|dom(l/)\d0m(u’) €2

(e10v e2)[v/X] =e1[v/X] 0, ea[v/X]

BV (3) =g

BV (z) =g

BV (Az.e) = BV(e)u{z}
BV(61 62) :BV(€1)UBV(€2)
BV(X") =g

BV (6X.e) =BV (e)

BV (e1 0y e2) = BV(e1)u(BV(e2)udom(v))

BH() -

BH(x) =g

BH(Az.e) = BH(e)

BH(61 62) = BH(€1) U BH(SQ)
BH(X") - {X}

BH(6X.e) = BH(e) U {X}

BH(de1.eav) = BH(e1) U BH(e2)

= XV*U’
=6XTe

v o.w., where dom(v) = dom(v2) and Vz € dom(v2). v(x) = v1(v2(z))

Figure 6: Substitution over A¢
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3 Translation and Simulation

3.1 Inference Rules

Definitions
Environment ro=1|rz
Environment Stack Rz:==r|R,r
Continuation ku=(0H[])ove| (6H.k) O, €
Continuation Stack K :==1|K,k
Translation
(TCON) Rrim (i,1) (TVAR) Rz (z,1)
R,(rn;x) e (e, K
— (rui2) e (& )
R,rn+Az.e (Az.e, K)
(TAPP) RF@lH(g,K1) R"e2'—’(22:K2)
Rre1 ea > (e1 ez, K1 w K>)
(TBOX) R,1rer (e, (K,K)) new u R,1+ew (e 1) new u
R +box e~ (k[Au.e], K) R+box e (Au.e, 1)
R7 (Tn—l;T'n) e (§7K)
- - H
(TONB) Tn =Tk o v {wk/ik wo/To} new
R,rp-1,7n —unbox e~ (H” O, (K, ((6H.[]) @ve))
Rrer (e, K h
(TRUN) e~ (e K) new

Rr+-runew (let h=cinh (), K)

Environment Concatenation

rsL = r
Lr = r
ri;(re;x) = (riyre);w

Renamer Inverse
-1
{yifze,ynfzn} = {21/y1, Tnfyn}

Continuation Stack Merger

1xK = K
Kxi = K
(K1, k1) w (K2,k2) = (KiwK2),(ki[k2])

Figure 7: Translation from Ag to A¢

3.2 Simulation

We need to introduce the admin reduction as Figure

We state the correctness of the translation in terms of the simulation of reducible expressions
and values of A\s. Note that we do not need to assume that FV(e) = @. Our translation works
with any expression with free variables. Refer to § for the proof of Theorem

Theorem 1 (Simulation). Lete,e’ € Fxprg and e e Letirers (e;L)and L€'~ (e, 1).

C;A*
Then e — ¢€'. Furthermore, If e € Valueg then e € Valuec.
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Admin Reduction

(ABS4)  (uwe)O 5 {Ofule

A el Al e A el
- 1 2
(ABS4) c—~ (APP)
A ’ A A ’
AT.e — \x.e e1 ea —> €] €2 e1 ea —> €1 €y
A el Al e A el
—
(HABS 4) € " = (HAPP 4) " ! " 2
6X.e 58X €10, e —> €0, e €10, es —>e1 0, e

Figure 8: Admin Reduction

4 Inverse Translation

4.1 Inference Rules

Theorem 2 (Inversion). Let e be a As expression and R be an environment stack. If R+ e
(e,K) then H+ e e for any H such that K € H.
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Definitions

Translation

Hole Environment H e HoleVar —> Expre

(1con) Hri1
(IVAR) Hrz»>zx

HE e
(1ABS) rewe

H+ Ax.e = Ax.e

Hrei»e ez ()

TAPP
( ) ”Hr—eileig»el €2
Hu{H: Ve
(1eTX) {H:e'} ere
Hr+ (0H.e)o, e ~e
(1BOX) Hrere
H + Au.e = box e
H+H(H) e
(TUNE) H+ H () > unbox e
H
(IRUN) rere

Hrlet H=¢in (H ()) > rune

Continuation Cumulation Operator

1 =g

(K, k) =KUR

[] =2
(0Hk)O,e =RU{H:e}

Figure 9: Inverse Translation from A¢ to Ag
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5 Proofs

5.1 Preliminaries
5.1.1 Notations

Notation 1 (Abbreviations). If K is not L, we omit the leading L from K. That is, we use
(’ih N Hn) instead Of (J-a K1, K:n)'

Notation 2. We write L(Var) for a set of lists consisting of elements of Var. For x € Var
and r € L(Var), we write x € r meaning that x is an element of r, and we write x ¢ r meaning
that  is not an element of r. We write r~ {a} for the list that is same with r but does not the
element x.

5.1.2 Assumptions

To avoid unnecessary complexities, we assume that for all expression e of As, all bound variables
in e are distinct. This results in no loss of generality.

5.2 Continuations

We need to extend some definitions of A\¢ into the continuations and the continuation stacks
for clarity of proofs.
The following remarks are corollary of Figure [I0]

Remark 1. Let x € Var, X € HoleVar, v € Values and K € Continuation Stack. Then
o {v/x}(Kyw K3) ={v/z} Ky x{v/z} Ky
o (K1nKs)[v/X]=K[v/X]»Ks[v/X]
We will start with the proof of Lemma

Proof of Lemmal[dl This proof is divided into two parts. The first is for the first two statememts
(S1) and (S2), and the second is for the last statement (S3).

Part 1: Proof of (S1) and (82)
By structural induction on Ezprg (IH1) and Values (IH2), and case analysis on rules.

o Case e € Expry.

— Case e = i. depth(i) =0<0.
— Case €’ = x. depth(z) =0<0.
— Case €¥ = Az.€?. By (IH1), depth(e®) < 0. Then, depth(Az.€°) = depth(e®) < 0.
— Case €” =box e!. By (IH1), depth(e') < 1. Then, depth(e') is 0 or 1.
* Case depth(e!) = 0. depth(box ') =0<0.
* Case depth(e') = 1. depth(box e') = depth(e') -1=1-1=0<0.

e Case " € Ezprs (n>1).

— Case e” =i. depth(i) =0 < n.
— Case e" =z. depth(z) =0<n.
— Case " = \z.e”. By (IH1), depth(e™) < n. Then, depth(Az.e™) = depth(e™) < n.

— Case e" = e} e}. By (IH1), depth(e]) < n. By (IH1), depth(ef) < n. Then,
depth(el €3) = max(depth(e}), depth(ey)) < n.
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Definitions
x € Var v € Valuec k € Continuation
X, H € HoleVar e € Expr, K e Continuation Stack
Variable Substitution Extended into Continuations
{v/z}[] =[]
| (0HAv/z}r) 0, {v/z}e if x ¢ dom(v)
{v/z}(0H.K) Ov e = { (0HAv/z}K) Ov e if z € dom(v)
{v/z}1L =1
{v/z} (K, k) ={v/z}K,{v/z}K
Hole Substitution Extended into Continuations
[1[v/X] =[]
| (6H.K) 0, e[v/X] if X=H
(0H.5 0y e)[v/X] = { (6H.5[v/X]) 0 e[v/X] if X #H
1[v/X] =1
(K, k)[v/X] = K[v/X], k[v/X]

Admin Reduction Extended into Continuations

A
e—¢

(SH.[]) Oy e 25 (SH.[-]) Ou €

A Ay
e—e k— K
(6H.k) o € 4, (6H.k) 0y €' (0H.K) @€ 2, (6H.x")ou e
K4 K K k!
K,miK',ff K,KiK,K,

Figure 10: Definitions Extended into Continuations
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— Case e = box ™!, By (IH1), depth(e™') < n+ 1. Then, depth(box e"*!) =
depth(e™*') —1<n+1-1=n.

— Casee™ =unbox "' (n>2). By (IH1), depth(e™') < n—1. Then, depth(unbox e" ') =
depth(e™ ) +1<n-1+1=n.

— Case e” = run e". By (IH1), depth(e™) < n. Then, depth(run e™) = depth(e™) < n.
e Case v° € Valuel.
— Case vY =4. depth(i) = 0.

— Case v’ = \z.e®. By (IH1), depth(e®) < 0. Then, depth(e®) = 0. Then, depth(\z.e°) =
depth(e®) = 0.

— Case vY = box v!. By (IH2), depth(v!) < 1. Then, depth(v!) = 0. Then, depth(box v') =
0.
e Case v" € Values (n>1).
— Case v™ =1i. depth(i) =0<n.
— Case v" =z. depth(z) =0 <n.
— Case v™ = Az.v™. By (IH2), depth(v™) < n. Then, depth(Az.v™) = depth(v™) < n.

— Case v" = o v§. By (IH2), depth(v]) < n. By (IH2), depth(vy) < n. Then,
depth(v} v5) = maz(depth(v}), depth(vy)) < n.

— Case v" = box v""t. By (IH2), depth(v"*') < n + 1. Then, depth(box v"*!) =
depth(v"™) —1<n+1-1=n.

— Casev™ =unbox v ! (n >2). By (IH2), depth(v"') < n—1. Then, depth(unbox v ') =
depth(v"™ 1) +1<n-1+1=n.

— Case v"™ = run v". By (IH2), depth(v™) < n. Then, depth(run v™) = depth(v™) < n.

Part 2: Proof of (S3)

By structural induction on the derivation of - — - (IH).

n ’
€1 — €1

e Case (APPg);. — By (IH), depth(e1) = n. By (S1), depth(el) < n.
e el — e} e

Then, depth(e; e%) = maz(depth(er), depth(eh)) = n.

e Case (APPgs)s.

- n=0. . By (IH), depth(e) = 0. By (S2), depth(v°) = 0. Then,
0 e _0) ’UO e

v
depth(v° €) = maz(depth(v?), depth(e)) = 0.

n
e —>¢€

—n>1.
n

. By (IH), depth(e) = n. By (S2), depth(v™) < n. Then,
" e—1" e
depth(v™ e) = max(depth(v™), depth(e)) = n.

4

e Case (APPs)s. (Az.e?) 09 R [z = v°]e’. By (S2), depth(\z.e?)

- 0. By (S2),
depth(v®) = 0. Then, depth((Az.€®) v°) = maz(depth(A\x.€°), depth(v®)) = 0.

n+1
e —> €

e Case (BOXs).

— By (IH), depth(e) = n+ 1. Then, depth(box e) =
box e — box ¢’
depth(e)-1=n+1-1=n.
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noo
e—>e

e Case (UNBg)j. By (IH), depth(e) = n. Then, depth(unbox e) =

unbox e 3 unbox ¢’
depth(e) +1=n+1.

e Case (UNBg),. : By (S2), depth(box v') = 0. Then, depth(unbox (box vl)) =
unbox (box vl) — !
depth(box v') +1=1.

noo
e —>e

e Case (RUNg);.

n.

By (IH), depth(e) = n. Then, depth(run e) = depth(e) =

n ’
run € — run e

FV(o') =0

e Case (RUNg)s. By (S2), depth(box v') = 0. Then, depth(run (box ’Ul)) =

run (box vl) —0> vt
depth(box v!) = 0.

n+l
e Case (ABSgs). € —+1) € By (IH), depth(e) = n+1. Then, depth(Az.€) = depth(e) =
Az.e 5 Axe!

n+1.
O

The translation rule creates a new continuation for each unbox and stores it in the contin-
uation stack K. Later, the rule consumes the last continuation of the stack for each box.

Lemma [2] states that if the translation of e results in the continuation stack K, the length
| K| of the continuation stack equals to the depth depth(e) of e, which is the number of nested
unboxes in e that is not enclosed by boxes.

Definition 2 (Continuation Stack Length). |K| denotes the length of the continuation stack
K, defined as the following.

[ =0

|K, k| =|K|+1

Clearly, |K| > 0.

Lemma 2 (Continuation Stack Length wrt Depth). If e € Exzprg and R + e — (e, K) then
|K| = depth(e).

Proof. By structural induction on the derivation of - + -~ (-,-) (IH).

e Case (TCON). R+ i (i,1). |K|=]|L| =0 = depth(i).

Case (TVAR). R+ax +~ (z,1). |K|=|1] =0 = depth(z).

R, (rp;x)Fer (e, K)
Ryr,+Axe~ (Mg, K)

Case (TABS).
depth(e) = |K]|.

C Rl—ell—>(€1,K1) RI—GQH(EQ,KQ) B H % d b B
TAPP). — — . , = dept )
ase ( ) Ree) ey (Ql 2, K1 w Ko) y (IH), [K4 epth(er) y

(IH), |K2| = depth(es). Then, depth(ey ex) = maz(depth(e; ), depth(es)) = maz(|K|,|K2|) =
‘Kl X K2|

. By (IH), |K| = depth(e). Then, depth(Az.€) =

R,1+er (e (K,K))
Case (TBOX);. . By (IH), |K, k| = | K|+ 1 = depth(e). Then,
R+box e (k[Au.e], K)

depth(box e) = depth(e) -1=|K|+1-1=|K]|.
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Ri+ew(e1)

Case (TBOX),.
° ase ( )2 R+Dbox e ()\U.Q, l)

depth(box e) = 0.

By (IH), |K| = || = 0 = depth(e). Then,

R, (rp-1;mn) F e (e, K) v=_zlz|xer,} new H By (IH)
R, rmr, 7 - unbox ¢ = (H” O, (K, (0H.[-]) ®) €)) v

|K| = depth(e). Then, depth(unbox e) = depth(e) +1=|K|+1=|K,(§H.[]) ©, €.

R+ew (e, K)

R+runer (let h=¢in (hQ),K)
depth(run e) = depth(e) = |K]|.

e Case (TUNB).

e Case (TRUN).

. By (IH), |K| = depth(e). Then,

O
Corollary 1. Let e € Exprg and R+ e (e,K) and e — ¢'. Then |K|=n.
Proof. Corollary of Lemma [I] and Lemma [2] O
Lemma 3 (Hole Variable Binding). The n-stage hole variables are bound at the stage n— 1.
e Suppose R+ e (e, (K1, Kk-1, Kk, Kn))-
— FH(e) ¢ BH(ky)
— FH(ki) € BH(kp-1) (2<k<n)
— FH(KJl) =g
e Suppose R e (e, (1, wt, mkiG], - K1),
— FH(k),) N BH(ky) =@
— FH(k}) € BH(kp-1) (2<k<n)
Proof. By structural induction on Ezprs. O

5.3 Existence of Translation

Lemma |4 states that for any expression e of s whose depth depth(e) = n, there exists a
translation image e of e, if a proper environment stack is provided. Here ‘proper’ means that
the length of the environment stack is greater than n.

Furthermore, Lemma [5] states that the translation depends on only last n environments of
the stack.

Lemma 4 (Existence). If e € Exprs and depth(e) = n then for all r; € L(Var) (0 <i < n),
there exists e and K such that o, 1, - e~ (e, K).

Proof. By structural induction on Ezprg (IH).
e Case e =1i. depth(i) =0. By (TCON), for all r¢ € #£( Var), we can have ro i+ (i, L).
e Case e =z. depth(xz) =0. By (TVAR), for all rq € £( Var), we can have ro - x — (z, L).

e Case e = Az.e’. By (IH), for all rq,--, 71,7 € £( Var), there exists ¢/ and K such that
70y Tn-1,"n F € — (e/,K). Then, for all ro,--, 11,71, € £(Var), there exists e’ and
K such that rg, -, -1, (r],;z) - ¢ = (¢/,K). Then, by (TABS), for all ro,-, 71,7, €
#(Var), we can have rq, -, ry-1,71, - A\x.e’ = (Az.e/, K).

e Case e = e; ep. By (IH), for all r; € (Var) (0 <i <n), there exists e; and K such that
T, T F €1 = (e1, K1). By (IH), for all r; € P(Var) (0 <i<n), there exists e; and K»
such that rq,--, 7, = ea = (e2, K2). Then, by (TAPP), for all r; € P(Var) (0 <i<n), we
can have rg,--, 1, - €1 €2 = (e1 ez, K1 x K3).
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— Case depth(e’) = 0. depth(box e') = 0. By (IH), for all ro € £( Var), there exists e’
and K such that ro - €’ ~ (¢/, K). By Lemmal] for all r{, 7o € #(Var), rj,ro - €'

(¢/,K). Since depth(e’) =0, by Lemma 2] |K| =

0, that is, K = 1. Therefore, for all

ri € P(Var), we can have r(), L e’ — (€’,1). By (TBOX)a, for all r| € £( Var), we can

have r{ + box ¢’ = (Au.¢/, 1).

— Case depth(e’) > 1. n = depth(box e") = depth(e’) — 1. That is, depth(e’) =n+1. By

(IH), for all g, -,

T, Tnt1 € £( Var), there exists ¢’ and K such that rg, -,

TnyTn+l

e’ —» (¢/,K). Since depth(e') = n+1, by Lemma [2] |K| = n+1 > 0. Then, let

K = (K,
70y Ty L F e~ (Qla (K,7
o,

e Case e = unbox €.
(IH), for all rq,--,
e/ » (¢/,K). Then, for all "o,
that rq, -
£( Var), we can have g, -
v={z/z|xer,}.

e Case e=run €'.
T,
7"0,...,

Lemma
(gu K1,

5 (Weakening).

€ (ga "{17“.7"{16)'

k). Then, for all rg,-,
k")). By (TBOX), for all rq, -,
T, L Fbox e w (k'[Au.e’], K").

Suppose e € E:ztprs and depth(e) = k. If r,-

ki), wheren > 1, then for all vy, - € L(Var), where m > 1, we havery, -

z—/b\
7'r7.7

K m

Tlv .

rn € P(Var), there exists ¢/, K’ and £’ such that
rn € P(Var), we can have

n = depth(unbox €') = depth(e’) + 1. That is, depth(e’) =n—1. By
T2, Tn-1 € £(Var), there exists ¢’ and K such that rg,--, rp_2,7p-1 -
S Tne2,Th 1,7 € P(Var), there exists ¢’ and K such
S Tpeo, (1l _1;7r0) e’ (e, K). Then, by (TUNB), for all rg,-

T2, Th_1, T —unbox e’ — (H” (), (K, (6H

T2, T 1, Th €
L] ou¢€)), where

By (IH), for all r; € £(Var) (0 <i < n), there exists ¢’ and K such that
rn F € — (e/,K). Then, by (TRUN), for all r; € £(Var) (0 < i < n), we can have
rnrun e’ — (let h=¢ in (), K).

O

T = e =

e T

9 Pmo

N —

Proof. By structural induction on the derivation of - + - — (-,-) (IH).

e Case (TCON). k = depth(i) = 0. By (TCON), VrY,

e Case (TVAR). k = depth(z) =

e Case (TABS).

0. By (TVAR), V¢, -

,re L(Var). r{, -,
e L(Var). r{, -,

5Tm

— Case k=0. k = depth(\z.€) = depth(e) =

Ty = Axe = (Ax.e, 1)

e () =e s (e, 1)
Vel el e L(Var). v ri e (e, 1)
Vol ol e L(Var). vy (rl s x) = e (e, 1)
Vol ot e L(Var). vy el = Axe = (Ax.e, 1)

— Case k > 1. k = depth(\x.e) = depth(e) > 1

14
/r17...

4
{r17.“

V’f‘i,,~~~7 Tm (Va"r)
VT17 5 Tm (VG/I”)

"
frl’...

"
7"1’...

T T T ATe b (AT, K,y K )
T 1y (Tey ) e s (e, K,y ki)
o r1y s (T ) E e (e, K, K)
T T T B AT.e o (AT, K,y K )

rieie (i, 1).

ik ae (z,1).

(Premise)
((TABS))
(TH)

((TABS))

(Premise
((TABS)
(IH

)
)
)
((TABS))
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e Case (TAPP).

— Case k = 0. k = depth(e1 ea) = max(depth(ey), depth(e2)) = 0. Then, depth(e;) =
depth(es) = 0.

T, €1 eg e (€1 g, 1) (Premise)
T,y F e e (ex, L) ((TAPP))
Ty eg > (e2,1) ((TAPP))
Vry -, € L(Var). v, = e = (e, L) (TH)
Vry -, € L(Var). vy, = ea = (ea, 1) (IH)
vy, -y € L(Var). v, = e1 ea > (e1 €2, 1) ((TAPP))

— Case k > 1.
maz(| K1, |K2|)

no

= depth(e; ez) = max(depth(er), depth(es)) > 1. |Ky » Ks| =
k.

4
T17"'7rnvrla"'ark e ey (ﬂ €2, Kl X K2)

(Premise)
TL"'?Tnvrla"'ark =e1p (eila Kl) ((TAPP))
Ti,"',rn,Tl,"',Tkl—€2'—> (672,K2) ((TAPP))

" "o n " "o "
V’I”l,"',’f’m,’l”l 7"'vrk_\K1| € ‘C( Var). T Tms T 7"',Tk_\K1|7Tk—|K1|+17"';Tk e = (671» Kl)

(TH)

/ "o n " "o "
V’I”l,"',’f’m,’l"l 7"'vrk_\K2| € ‘C( Var). T Tme T 7"',Tk_\K2|7Tk—|K2|+17"';Tk =€~ (672» K2)

(TH)

" " " "
Vry, -y € L(Var). vy, i e e (e, K)

riTmo

" " " "
Vry, -y € L(Var). vy 1y, Tk Foeg e (e2, Ka)

" " " "
Vry, -y € L(Var). v r r, e rr e ea = (e1 eg, Ky} Ko)

((TAPP))
e Case (TBOX);.
— Case k=0. k = depth(box e) = 0.
iy Ebox e (k[Au.e], 1) (Premise)
T, L e (e, k) ((TBOX))
vry - meE(Var) Ty, m,J_i—e»—>(e K) (IH)
Vel ot e L(Var). v, rl = box e = (k[ Mu.e], 1) ((TBOX),)
— Case k > 1. k = depth(box e) > 1. Then, depth(e) > 2, since depth(box e) =
depth(e) - 1.
Tl T T, Tk F box e = (k[Au.e], k1, kk)  (Premise)
T'/17 ) Tna Ty, TE, e (ga K1, Rk, "5) ((TBDX)I)
Vo e L(Var). vy r ey L e (e, K1y o Ky K) (TH)
vy ey e L(Var). vy o rl r, o, ri Ebox e = (k[Au.e], k1, k) ((TBOX)4)

e Case (TBOX),.
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1,7 = box e (Au.e, 1) (Premise)

Pl L e (e,1) ((TBOX);)

vy e ™ e L(Var). vyl " = e (e, 1) (IH)
vy EL(Var) e m,L Few (e, 1)

Vel ot e L(Var). v, rl = box e = (Au.e, L) ((TBOX)4)

e Case (TUNB). k = depth(unbox €) > 1.
— Case k=1. k = depth(unbox e) = depth(e) + 1 = 1. Then depth(e) = 0.

i1, ry -unbox e (HY (), (6H.[]) @, ¢)  (Premise)

1,0 (1) F e (e, 1) ((TUNB))
v’l"i,,”- " c L( Var) 7,.1’7___77-;;1 e (§7_]_) (IH)

Vel e L(Var). vy (rlsr) e (e, 1)
vry e L(Var). v, ry r1 Funbox e — (H” (), (6H.[']) ®,¢) (Premise)

— Case k > 2. k = depth(unbox e) = depth(e) + 1 > 2. Then, depth(e) > 1.

Tl T T, The1, Tk = unbox e = (HY (), k1, k-1, ((6H.[-]) @, €))

(Premise)

Tia"'> TrsT1y (Tk—l;rk?) Fer (gv’%lf";ﬁk—l) ((TUNB))

VT‘;’, 5 Tm (Va”r) ’)”‘ ___77/.;7’177,.17,,,7 (kal;rk) Fer (gv"ilv"'»’{kfl) ( H)
vy e ;;L L(Var). r{,-r ri, k1,7, Funbox e = (H” O, k1, k-1, (6H.[-]) © €))

((TUNB))

e Case (TRUN).
— Case k =0. k = depth(unbox e) = depth(e) = 0.

ri,o 7 -run e (let h=e in (h()), 1) (Premise)

Tiv' ) ;7, Fer (6 -L) ((TRUN))

VTil, 5 Tm € [’( Var) Ti,a"'v T,’)”L Fer (6 J-) ( H)

vry e e L(Var). ri ) r) - run e~ (let h=¢ in (h()), 1) ((TRUN))

— Case k 2 1. k = depth(unbox e) = depth(e) > 1.

Ty, T, Frun e~ (let h=¢e in (hQ), K1, ki)

(Premise)

Tl T, T, T e m (e, K1, Kk ((TRUN))

Vr'l',w " e L(Var). r" s T Ty T E e e (e, Ky, Kk ) (TH)
Vol e L(Var). vy el ry, o Frun e~ (let h=e in (hQ)), K1, ki)

((TRUN))

O
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5.4 Value Preservation
Lemma [6] states that a value v of A\s translates to a value of Ac.
Lemma 6 (Value Preservation). If v e Valueg and R+v e (v,K) then K = 1 and v € Valuec.
Proof. By case analysis on Valueg.
e Case v=1i. By (TCON), R+iw (i,1). K =1. i€ Valuec.
e Case v=2a. By (TVAR), R+~ (z,1). K = 1. x € Valuec.

R, (rp;z) - e (% K)
R,7p - Az.e0 = (Az.€°, K)
since €® € Ezpr. Then, depth(e’) = 0. By Lemma [2 |K| = depth(e®) = 0. Then, K = 1.
Az.e¥ € Valuee.

e Case v =\r.c". By (TABS), . By Lemma , depth(e®) <0,

e Case v = box v!. There are two rules: (TBOX); and (TBOX),. However, By Lemma and
Lemma if R+ o'~ (v}, K), then K = 1. Therefore, (TBOX); cannot be applied, since
R, 1ot e (vl 1)

R+ box vl » (Au.vt, 1)

(K,k) # 1. By (TBOX),, . K = 1. \u.v! € Valuee.

5.5 Substitution Preservation

In Lemma (7} {v/x}k; = x; means that every occurence of z is bound in every k;, i.e., = ¢
FV(kk, -, kn). Note that it does not mean x does not occur in ;.

Lemma 7 (Free Variables Preservation). Suppose v € Valuec, x € Var, n > 1, m > 0 and
1<k<n. If

T ETy and 70,5 Tny Tn+ls "5 Tnam H € (g;(Kk7"'a"€n7"<‘-‘n+1)"'7Hn+m))
— N —

then
{v/z}ri=k; (k<i<n)

Proof. By structural induction on the derivation of - + -~ (-,-) (IH).
e Case (TCON). K = L. Premise is not satisfied. Not applicable case. Ignored.
e Case (TVAR). K = L. Premise is not satisfied. Not applicable case. Ignored.
e Case (TABS).
— m=0. zer, and

ro, " (rn;y) e (Q, (/fkv "'7"$n))

70, Tn )‘ye = (Ay§7 ("{kv"'v ﬁ’n))

Clearly, z € (rn;y). By (IH), {v/z}r; = r; (k<i<n).

—m>1. xer, and

Tos 5 Tny Tn+l, " (Tn+m7y) e (gv (K/k:a ryBRny Rnsl, fin#—m))

705 Trs Tnals s Tnem F AY.€ H (/\y‘Q (ﬁku y Kny Knsd, "'>"<5n+m))

By (IH), {v/z}k; = k; (k<i<n).
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— Case |K1| = |K|. |Ks|<|K|=n+m-k+1.
* Case m =0.
- Case |K2| > 0. Let

K= Ryt R

/ /
Kl = Kk;7“.7/<’

n
Ko =Ky b (0<i<n-k)
By (TAPP),
o, T €1 (ﬂv (K:;g7“.7"<;’;l)) T,y T €2 > (6727 (H;glﬂa"'vl{/

e Case (TAPP). Since |K| = |K; x Ks| = maz(|K1|,|Kal|), |K1| = |K] or |Ks| = |K].

18

)

o, Tn €1 ey > (ﬂ €2, (Kka"'v‘%n))

By (IH), {v/z}x; = &} (k < i <n) and {v/z}k] = k] (k+1 < i< n).

Furthermore,
K=K »nK,
Rl Kn = (K’;C7“.7K”/n) M (’i;c,+lv""/€;{) (O <l<n- k)
!/ ! !/ " ! "
= Kyt Ko1Kt [ oo i [ ]
That is,
| A ifk<i<k+1-1
T KIKY] ifk+l<i<n
Therefore,
] Av/z)sg ifk<i<k+(-1 .
{vfe}n: = { (vf} [{v/a}r"] ifk+l<i<n (k<i<n)
K} ifk<i<k+1-1 ;
‘{H;[ng'] ifhtl<i<n (k<i<n)
= Ky (k<i<n)
- Case |K2| =0. Let
K =kKg, - kn
K :H;Ca"'aﬁg
Ky=1
By (TAPP),
o, Tp - €1 (6717 (K;ga"'a"{;z)) T, Tp €2 (Q?l)

T, Tn el ez = (e1 ez, (K, Kn))

By (IH), {v/z}k} = k; (k <i<n). Furthermore,

K=K xKs
4 !
Hk?7”'7"<‘./n = (K./kﬂ.“?K’n) [ l
! !
=Ry Ry

That is,
ki=r; (k<i<n)
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Therefore,
{v/z}r; = {v/z}K] (k<i<n)
= K (k<i<n) (IH)
= K; (k<i<n)

x Case m > 1.
- Case |Ka| > m. Let

K= Ry Bny Kn+ly "y Bntm

’ I /
Ky =By By Byt e

/i mon "
K2_’ik+lv"'v’$n7l€n+17""’in+m (0£l$n—k)

By (TAPP),

’ ’ ’ ’
70y Tns Tn+l, "y Tn+m F €1 > (ﬁa (”flm'"aHnaﬁn+1a"’7’%n+m))
" "o "
705y Tny Tn+l, "y Tnem b €2 (672a (K’k+l7 c Ry Rpgts '“?K’n+m))

705 Tny Tn+ls " Tnem b €1 €2 (ﬂ €2, (Hka"'7K/n7l€n+17"'a"{n+m))

By (IH), {v/z}x] = K} (k < i < n) and {v/z}k] = k] (k+1 < i < n).
Furthermore,

K=K xK,
_ ’ I ’ ’
REky s Bny Bn+l, "y Bn+m = (5k7"'vﬁnvﬁn+1v"'aﬁn+m
" " " "
I><](’ik+l7'"7Hn7’%n+17”'a’ifn,-#m) (OSZSTL—]C)

= K;c? T K;€+l—1’ K;ﬁ—l['%;clﬂ]v T K’,ﬂ, [HZ]’ K;H—l[’i;;l]a ) H;Hm[ngwn]

That is,
. ifk<i<k+l-1
Ri=1 K[&"] ifk+l<i<n+m
Therefore,
_ ] vk ifk<i<k+l-1 ,
{'U/x}/ﬂ—{ {’L}/I}Ii;[{’u/x}li;,] ifk+l<i<n (kSZSTL)
K ifk<i<k+l-1
:{F«'é[%’] ifk+l<i<n (k<i<n) (IH)

= Ky (k<i<n)
- Case |Ks| <m. Let

K= Rk, s KBny KBntl, o Knam
/ / !

o
K1 =Ky, By Kyt B
o "
Ko = Epslr s Bpam (1 Slﬁm)

By (TAPP),

U ! ! 4
Toy 5 TnsTn+ls sy Tn+m =ep = (6717 (K’kv'"vHna"in+17"'7"<‘./n+m))
" "
70y Tny Tn+l, " Tnem b €2 = (Q; ("in.;.lv"'a Rpt+m )

T0, 5 Tny Tnels "5 Tnam €1 €2 = (ﬂ €2, (’ika"'7/fnaHn+17”'7”5n+m))
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By (IH), {v/z}k} = k; (k <i<n). Furthermore,

K=K ~xKy
— k!l ok K — sl (1<l<
Ry 'y Bns BEntly "y Bnam = Ry 5 Ry B 5 B X s 5 Bpem =0
_ ! A A A A 1 A 1
=Ry By Bpg 1y 7 Fsl-15 ’in+l["€n+l]v ) F;ner["{ner
That is,
K ifk<i<n+l-1
KRi = . .
! ki[k]] in+l<i<n+m
Therefore,
{v/z}r; = {v]z}K] (k<i<n)
= K (k<i<n) (IH)
= Ky (k<i<n)

— Case |K| = |K; x K3|. Dual with the previous case. Omitted.
e Case (TBOX);.
— Case m=0. z er, and

o, Tyl e (Qa (ka“a Kn, K))

70, Tn F box e > (k[ Au.e], (ki Kn))
By (IH), {v/z}r; = r; (k<i<n).
— Casem>1. xer, and
705 Ty P'naly s Tnam, L € (Q, (’ika Y Kny Bntl, 0 Bnamy H))
70y Ty Tn+ls "' Tnem = DOX € —> (H[/\U'QL (’ik’ ©y Kny /‘in+17’”7’fn+m))

By (IH), {v/z}ri=r; (k<i<n).

e Case (TBOX),. K = 1. Premise is not satisfied. Not applicable case. Ignored.
e Case (TUNB).

— Case m=0. zer, and

m)

]

TOa"'7(rn—1;Tn)'_e’_)(§7(’<‘:k7"')ﬂn—1)) Tn = X155 20 V:{wl/xlf",wO/mO}
1
T0, " Tn-1,Tn unbox e — (HV ()? (K'ka"'ﬂin—l, (6H[]) Oy Q))
| S —
Fon

Clearly, x € (ry-1;7). By (IH), {v/z}r; =k; (k<i<n-1). And

{v/z}rn = {v/z}((6H.[]) oy €)
=(6H {v/z}[]) o, e (x € dom(v))
=(0H.[[]) o, e

Therefore, {v/x}k; = K; (k<i<n).

— Casem=1. rxer, and

70, (rn;rnJrl) e (Q, (Fék,...’ Iﬁ:n))

70y Tn, Tnel — UNDOX € —> (H"f1 O, (Kky = bn, (JH.[]) @y €))

Clearly, x € (1;7n+1)- By (IH), {v/z}k; = k; (k<i<n).
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— Case m>2. xer, and

T0s 5 TnyTn+l, " (Tnerfl;/rner) =er (§7 (’%ku <y Kny Knstl, "'>Hn+m—1))

70y Prs Tty s Prtm—1s Tnem F UNDOX € > (H”i1 O, (Kky By Bntly s Entm—1, (0H.[-]) @, €))
By (IH), {v/z}r; = r; (k<i<n).
e Case (TRUN).
— Casem=0. zer, and

To, Ty E e (§7 (K’k’ ”.’K’n’))

70, Ty Funbox e~ (let h=e in (hO), (K, ", kn))

By (IH), {v/z}ri=r; (k<i<n).

— Case m>1. zer, and

705y TnyTn+ly "y Tn+m E € > (gv ("ika Ry Bntl, "',"{ner))

70, Ty Tntly o' Fnm - UDDOX € > (let h=ein (h())a (Hka"'a’fmfﬂ?nJrla'“v/‘?ner))

By (IH), {v/z}k; =r; (k<i<n).
O

Lemma 8 (Substitution Preservation). Suppose x € Var, v e Valuek, n>0, z ¢r; (0<i<n),
and L+v~ (v,1). Let R=71g,, 1. f Re~ (e,K) then R+ [z —»v]e» ({v/z}e, {v/2} K).

Proof. By structural induction on the derivation of - + -~ (-,-) (IH).
e Case (TCON).
. Rr+ivw (i,1) Premise
[x—v]i=1
Avfxti=i
Avfxti=1
- B[z = vlim ({v/2}i, {v/z}1) (1), (2), 3), (4)

e Case (TVAR). R+y+r (y,1).

S N

— Case = = y.

1. 1+ve(v,1) Premise
Rrvw (v,1) Lemma [f]
[z-v]y=v
{v/zly=v
{ofz}i=-1

6. R+ [z~ o]y~ ({v/z}y, {v/z}1) (2), (3), (4), (5)
— Case x # y.

G W

1. Ry (y,1) Premise
[z=vly=y

Av/ziy =y

Avfxii=1

- R [z o]y~ ({v/zhy, {v/z}1) (1), (2), 3), (4)
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e Case (TABS). R+ Ay.e > (\y.e, K).

— Case z = y.
1. Ryrp+Adz.e> (A\x.e, K)
Ry (rp;x) e (e,K)
Avfz}K =K
[z~ v]\x.e = Ax.e
Avfz}x.e=Axe
6. Ryrp - [z v]Ax.e» ({v/z}z.e, {v/2} K)
— Case x #y.
1. Ryrp - Ay.e~ (Ay.e, K)
R, (rniy) ke (e, K)
R, (rn;y) = [z~ v]e > ({v/z}e, {v/2}K)
R,rp - Ay [z~ v]le— (A\y.{v/z}e, {v/z} K)
R,ry - [z v]Ay.e > ({v/z}Ay.e, {v/2}K)

G WD

e Case (TAPP).

Rrepexr (e1 e, Ky % K»)

Rrey (e, Kyp)

R ey (e2,K2)

R [z~ v]er > ({v/z}er, {v/z} Ky)
R [z v]ex > ({v/a}er, {v/z} K2)

S vk W=

7. R [z = w](er e2) = ({ufz}(er e) {v/w} (K w K2))

o Case (TBOX);.

1. R+box e (k[ u.e],K)
2. R,Lrew (¢e,(K,K))
3. R, 1+ [z v]e~ ({v/ae, {v/z}(K, k)
4. R, 1+ [z —v]e~ ({v/x}e, {v/2} K, {v/z}k))
5. R+box [z~ v]e~ (({v/z}r)[ u.{v/x}e], {v/z} K)
6. R+ [z~ v](box e) » ({v/z}(k[Au.€]),{v/z} K)
e Case (TBOX),.
1. R+box e~ (Au.e, 1)
2. Ry1rer (e, 1)
3. R,1+[x—v]er ({v/x}e, {v/z}1)
4. R+box [z~ v]er (Au.{v/x}e, {v/x}L)
5. Ri- [ v](box ) > ({ofa} Qs {uf}1)
e Case (TUNB).
1. R,rp-1,mn Funbox e » (HY O, (K, (6H.[-]) ®, €))
2. R, (rp-1;m0) Fer (e, K)

B[z = vler [z v]es = ({v/z)er {v/r}es, {v/z} Ky n{v/z}Ks)

22

Premise
(TABS)
(2), Lemma

(1), (3), (4), (5)

Premise
(TABS)
(1H)
(TABS)

Premise
(1), (TAPP)
(1), (TAPP)

(2), (IH)
(3), (IH)

(4), (5), (TAPP)

Premise
(TBOX),
(IH)

(TBOX),

Premise
(TBOX),

(IH)
(TBOX),

Premise
(TUNB)
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3. R, (rn-15m0) F [z = v]e > ({v/z}e, {v/2z}K) (IH)
4. Rrpor,ry - unbox [z o v]e s (HY O, ({vo/e} K, (3H.[]) 0, {v/z}e)) (TUNB)
5. R,rp-1,mn =[x~ v](unbox €) » (H” O, ({v/z} K, {v/z}((6H.[]) ©y €))) dom(v)

x ¢ dom(v

6. R,rp-1,7n + [~ v](unbox ) » (H” O, {v/z}(K, (6H.[-]) ®, ¢€))
e Case (TRUN).

1. R-runer (let h=e in (hQ)), K) Premise
2. Rrer (e, K) (TRUN)
3. R [o 0 vle o ({t/2}e, {/2}K) (1m)
4. R+run [z~ v]ew (let h={v/z}e in (hO),{v/2}K) (TRUN)
5. R+ [z~ v](run e) » ({v/z}(let h=¢ in (hQ))),{v/z}K)

O

5.6 Simulation

Definition 3 (Admin-Normal Form). An expresion e is admin-normal form if and only if there

does not exist ¢ such that e > ¢’ Furthermore, a continuation stack K is admin-normal form
if and only if there does not exist K' such that K A K

Lemma 9 (Admin-Normal). If R+ e~ (e, K) then e and K are admin-normal form.
Proof. By structural induction on Ezprg (IH). O

Definition 4 (Continuation Closure). Let e € Expr, and K be a continuation stack. The
continuation closure K(e) is defined as follows:

K(e) = { K'(sle) % - (k')

Lemma 10 (Free Hole Variables wrt Continuation Closure). If e € Exprg and R+ e (e, K)
then FH(K(e)) = @.

Proof. By structural induction on Fzprg (IH). O

Remark 2. If R+ e~ (e,K) then {()/u}e = e, where u is a variable newly introduced at
(TBOX); and (TBOX)s.

Now we extend the reduction of A¢ into the translation as Figure
Lemma 11 (Reduction Preservation). If e — ¢/, R e (e, K) and R+ ¢’ v~ (¢/,K'), then
(K.e) 5 (K ')
Proof. By structural induction on the derivation of - — - (TH).

e Case (APPg);.

0
e1 — €
— Case n =0. ! 5 !
ep ey — e} €9
R+e;~ (e, 1) Rl—egv—>(§,i) Rref v (e1,1) Rl—e%»(ﬁ,i)

RkelegH(ﬁé,L) Rwi@%»(ﬁéi)
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Definitions
e € Expr,
K € Continuation Stack
Modular Continuation Closure == (K, e)
Reduction on Modular Continuation Closure
C;A* ’

(RNOR)

(RUNB);

(RUNB),

(RHFE);

(RHFE),

(RHFK),

(RHFK),

e — €

JA*
(1,e) 25 (1,¢)

C;A* ’
eH — €y n>1

(((6H[]) Ou eH:"i??"'v‘%n)?e) C7_A: (((5H[]) Ou elfIvK??"'vﬁn):e)

C;A* ’
eg — €y n>1

(((6HK/) op eHa’%27"'7“in)7e> (ﬂ) (((6HH) o) 6}17:‘{2,'“,&”)76)

(e[H”JH)[en/H] 2> ¢ en e Valuee

*

((BH.[]) ©v en,e) Z5 (1,€)

(e[HY/H))[en/H] A em € Valuec

*

((6H.8) ©, er,e) 25 (k, )

(ko[ HY [H]D[en/H] 25 &y em e Valuee — n»2

(((BH.[]) @v €11, Ky -y )y €) S5 (K ks, oy hin), €)

(K,Q[HV/H])[GH/H]LK,Q en € Valuec n>2

C;A*
(((5H/i) O eH7K'27"'7K7l)7e> I ((’{7"@,2753,"'7"{'”)76)

Figure 11: Reduction on Modular Continuation Closure
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C; A*
L (L,e1) — (L,e}) (IH)
C;A*
2. e1 — €} (1), (RNOR)
0 G A r 0
3.e1ep — €€y (2), (APPc)1, (APPA)y
C;A*

4. <laﬂ é) - (l7i ig) (3)7 (RNOR’)

01 — ¢!

— Casen>1. ! !

n
e1 ey — e ey

Rie1w (e, K1) Rief = (e, Ka) Rre (e, K]) Rreyr(e3,K2)

n ! / I
Rrei ey (61 €3, K1 % K>) RiEej ey (€] ey, K| K>)

By Lemmaand Lemma |K1| = n and |K;| < n. By (IH), (K1, e1) ﬂ(K{,i).
In this case, (RNOR)cannot be applied.
x Case (RUNB);.

1. Ky I((SH[])QV EH,K2,""y K (IH), (R.UNB)1
2. K{ = (6H|:]) o 63117/127"'7/%11 (IH), (R.UNB)1
3. e1=¢} (IH), (RUNB);
4. e1ey=ejey (3)
5. e 28 el (IH), (RUNB);
6. If |Ko| = n then
C;A*
(Kl NK2,671 ﬁ) —)(K{ NKQai ﬁ) (1)3 (2)7 (4)3 (5)7 (RUNB)2
7. If |K3| < n then
C;A*
(K w K, er e) S8 (K] w K ef, ef) (1) (2), (4), (5). (RONB),

% Case (RUNB),. Similar with (RUNB);. Omitted.
* Case (RHFE);.

1. K1 =(0H.[]) 0 en (TH), (RHFE),
2. K| =1 (IH), (RHFE),
3. (ea[HY/H])[en/H] 2> ¢ (IH), (RHFE),
4. ((ex eg)[HY[H)[en/H] 2> ¢ e3 (3), H ¢ FH(e})
5. If |K2| = |K1| then

(K1 Ks,en eb) SE(K] w K, e ) (1), (2), (4), (RHFE),
6. If |K2| < |K1| then

(Kiw Ko,er e3) "5 (K w Ka, ¢ cp) (1), (2), (4), (RHFE),

% Case (RHFE),. Similar with (RHFE);. Omitted.
* Case (RHFK);.

1. Ky =(0H.[']) ©, e, ko, kn (IH), (RHFK);

2. K = Ky, K3, Fip (IH), (RHFK);
A*

3. (ko[H"JH))[en/H] 2> #) (IH), (RHFK);

4 oer=e) (IH), (RHFK),

5 e cl=ch of @
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6. If |[K3| = | K| then

C;A*
<K1 X KQaeil ﬁ) —)(K{ X K2>ZI1 ﬁ)

26

(1)7 (2)a (3)7 (5)7 H¢FH(K2)7 (R'HFK)2

7. If |K2| < |K1| then

C;A*
(Kim K, eq e3) — (K] x Kj, €] e3)

(1), (2), (3), (5), H ¢ FH(K>), (RHFK);

* Case (RHFK),. Similar with (RHFK);. Omitted.
e Case (APPg)y. Similar with (APPs);. Omitted.

e Case (APPs)s. (Az.e?) o° 2, [z v0]el.
ro;x e (€2, 1)
L rordze’ > (Az.e% 1)
ro - (Az.€?) v° = ((Az.€%) vo, 1)

roN{z} el (€2 1)

100 (2% 1)

roN{z} - [z 00]e? > ({00/a}el, 1)

ro - [z 0] > ({22/x}e, 1)

FH() = FH(’) =2

(A2.€%) vy~ {00/}

ro =10 - (00, 1)

NSO N

8. (Ar.e®) v D {1z}

9. (1, (\z-€%) o) S5 (1, {10/ }e0)

o Case (BOXs).

1 !
e—e

— Case n = 0. 5
— box ¢’

1), Lemma
1), Lemma

(
(
(2), (3), Lemma
(
1

~— O ~— ~—

4), Lemma
(1), Lemma

(6>7 (APPC)S
(7), Lemma|§|

(8), (RNOR)

By Lemma [l depth(e) = 1. By Lemma [2

box e
|K| = depth(e) = 1. Therefore (TBOX), cannot be applied, since |K| =|L| =0 # 1. By

(TBOX);,

ro,L e (e k1)

ro,L+e¢e w (e,K))

ro Fbox e » (k1[Au.e], 1)

CA*

ro Fbox €'~ (Ki[Au'.€], 1)

C;A .
By (IH), (k1,e) — (x},€’). In this case, (RNOR), (RHFK); and (RHFK), cannot be

applied.

* Case (RUNB);.
k1=(0H.[']) @, en
ki =(0H.[]) oyey

/

=€

Gl N
|

ki[Au.e] = (6H.  u.e) ©, eg

S (GHAue) o, ¢y
=(6H\ue') @, ey
=c (6H ' .¢') o, ey

= ri[Mu'.€']

(IH), (RUNB);
(IH), (RUNB);
(IH), (RUNB),
(IH), (RUNB);
(1)

((4), Lemma [9))
3)

(u" ¢ FV())
(2)
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6. (L,k1[Au.e]) %(l,KQ[Au’.Q’]) (5)
% Case (RUNB),. Similar with (RUNB);. Omitted.
* Case (RHFE);.

1. k1 =(6H.[']) @y e (TH), (RHFE),
2. k=1 (IH), (RHFE),
3. (e[HY/H))[en/H] ﬁ»g’ (IH), (RHFE),
4. ey € Valuee (IH), (RHFE),
ki[\u.e] = (6H. du.e) ©, ey (1)
= (Cuwo)[H* [H))[ex/H] (4), ((HAPPC)a)
- (e[ HY [H)[ex/H]
A e 3)
= . (u ¢ FV(e)))
= 1[\u'.€]
= ki [ .€'] (2)
* Case (RHFE),.
1. K1 =(0H.K)®, e (IH), (RHFE),
2. kK =k (TH), (RHFE),
3. (e[H*[H]))[en/H] > ¢ (IH), (RHFE),
4. ey € Valuee (TH), (RHFE),
5. H ¢ FH(k) (1), Lemma [3]
ki[Au.e] = (6H.k[ u.e]) ©, ey (1)
> ((s[vwe))[(H [H))[en/H] (4), ((HAPP¢)s3)
= ((s[H"[H])[en/H])[Mu.(e[H"[H])[en/H]]
= k[Au.(e[H"[H])[en[H]] ()
AL kD] (3)
=c k[ €] (u' ¢ FV())
- D] 2)

— Case n > 1.

— . (TBOX), cannot be applied, by Lemma |1| and
box e —> box ¢’
Lemma 2] By (TBOX):,

Riirer (e, (K, kn+1)) Riire v (e, (K k1))
R+box e (kps1[Au.e], K) R+vox e v (k[ ], K")

By (IH), ((K, kn+1),€) piiad ((K',k!.1),€"). In this case, (RNOR), (RHFE); and (RHFE),

cannot be applied.
x Case (RUNB);.

1. (K, kn+1) = (0H.[-]) Oy €m, K2, Koy Bntl (TH), (RUNB),
2. (K' k1) =(0H.[]) Oy €y, Ko,y Ky Knat (1), (IH), (RUNB),
3. Kps1 = f‘@;ﬂ (1), (2)
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4. K =(6H.[]) @ em, k2, kn
5. K'=(6H.[']) ©, €y, K2, Fn
6. e=¢

7. eHQ—A> ey

8.

Kns1[Au.e] = K14 [Mu.e']

=c "Q;Hl [)\U'Q’]

9. (K, kel S5 (K i D e'))
* Case (RUNB),. Similar with (RUNB);. Omitted.
* Case (RHFK);.

28

- Case n = 1.

1. (K,k2)=(H.[']) @ em, k2 (IH), (RHFK),
2. (K',kb) = K (IH), (RHFK),
3. K=(0H[]) o, en (1)
4. K'=1 (2)
5. (wa[HY/H))[er/H] 2> kY (IH), (RHFK);
6. e=¢ (IH), (RHFK),
7. ey € Valuec (TH), (RHFK),
8. H ¢ FH(e) (1), Lemma [3]

9.
((k2[Au-e])[H"[H])[en/H] = ((r2[H"/H])[en/H])[Au.e]  (8)
e ko[ Au.e] ((5), Lemma [9))
= k[ du.e'] (6)

=c ko[ Au'.€']

10. (K, ra[Mwe]) S5 (K b [ha’¢])
- Case n > 2.
1. (K, kn+1) = (0H.[']) Ov em, K2, By Kntl
2. (K’ K1) = KS K3, Koy Knal
3. Kn+1 =Ky
4. K =(6H.[]) @y em, k2, kn
5. K' = kb, K3, kn
6. (ra[ H/H))en/H] > i)
7.e=¢€
8.

9.

Kns1[Au.e] = K14 [Mu.e']

=c i [ M €]

A o ol
(K, ks [Aue]) — (K Ky [Mu.€]])

* Case (RHFK),. Similar with (RHFK);. Omitted.

(u' ¢ FV(e)))
(3), (4), (7), (9), (RHFE),

(IH), (RHFK)1

(1), (IH), (RHFK);
(1), (2)

(1)

(2)

(IH), (RHFK),
(IH), (RHFK),

(3), (7)
(u' ¢ FV(£)))

(4)v (5)7 (6)’ (8)7 (RHFK)i
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— Case n =1. e_(lj)el
unbox ¢ —> unbox ¢’
ro;7T1 e (e, 1)
ro,71 +unbox e ~ (HY O, (6Hy.[]) @, €)
ro;T1 e’ (e, 1)
70,71 - unbox €’ (HQV_1 O, (0Hs.[]) o, €)
L(Le) Z5 (e (111
2. ¢4 ¢ (1), (RNOR)
(GHL.[D) 0y e HY 0) B (GHL[D) 0 ¢ 1Y O) ((2), (RUNB),)
=c {(6H2.[)) 0, ¢ Hy " O)
1 /
— Case n =2. e—c¢

unbox e —> unbox ¢’
ro, (r1;12) F e (e, K)
r0,71,T2 F unbox € (H{;1 O,(K,(0H .[]) @v€))
ro, (ri;re) - e~ (e, K')

ro,71,7r2 Funbox ' = (HY O, (K',(6Hs.[]) @, €))

By (IH), (K,e) S5 (K',¢'). Tn this case, (RNOR), (RHFK); and (RHFK), cannot be
applied.

* Case (RUNB);.

1. K=(0H.[']) oy en (IH), (RUNB);
2. K'=(0H.[']) o, €y (IH), (RUNB),
3.e=¢ (IH), (RUNB),
4 e E8 e, (IH), (RUNB),
5.

(K, (6H,.[]) @, ¢), HY " O) S5 (K, (6H, .[]) @, ¢'), HY ' O)
(1), (2), (3), (4), (RUNB),)
= (K. (6Ha.[]) @, ). HY " O)

* Case (RUNB),. Similar with (RUNB);. Omitted.
* Case (RHFE);.

1. K= (H.[]) oy en (IH), (RHFE);
2. K'=1 (IH), (RHFE),
3. (e[H”/H))[en/H] 25 ¢ (IH), (RHFE),
4. ey € Valuee (TH), (RHFE),
5

(((6H1.[]) oy e)[HY[H])en/H] = (§H1.[-]) @, (e[H"/H])[en/H]

A GH Do, é (3)
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(K, (SH1.[]) 0, €), Y O) S5 (L) 0 ¢, HY ' O)
((1)7 (4)7 (5)’ (RHFK)I)
~ (L, GHL[D ou ), H O)
=((K',(sHi.[D o, ), H O)  (2)
= (K", (6Hs.[-]) @y €), HY " O)

* Case (RHFE),. Similar with (RHFE);. Omitted.

n-1 ,
— Case n > 3. € 7 €
unbox e —> unbox ¢’
R7 (Tn—1§rn) e (Q,K)
R,rp_1,mm —unbox e~ (HY O, (K, (5H..[]) @ €))
R, (rp_13mm) Fe'm (Q,v K,)
R,7p_1,7, + unbox €’ — (H{1 O, (K", (6Ha.[]) @, €'))
C;A* .
By (IH), (K,e) —(K’,¢’). In this case, (RNOR), (RHFE); and (RHFE), cannot be
applied.

x Case (RUNB);.

L. K =(0H.[']) @y en, ko, s hin1 (IH), (RUNB);
2. K'= (6H[:|) Op 61]—[; K2, Kn-1 (IH), (R,UNB)i
3.e=¢ (IH), (RUNB);
4. ey I8 e, (IH), (RUNB);
5.

(K. (H L) 0, 0). HY ' 0) 5 (K, (GHL.[]) 0, &), HY ' 0)
((1)7 (2)7 (3)7 (4)7 (RUNB)I)
= (K", (6Hs.[-]) @y &), HY ' O)
* Case (RUNB),. Similar with (RUNB);. Omitted.
x Case (RHFK);.

L. K =(0H.[]) @y e, ko, s hin1 (IH), (RHFK),
2. K' =K, kg, K1 (IH), (RHFK),
3. (o[ HY[HY)[en/H] 2 i} (IH), (RHFK),
4. e=¢ (IH), (RHFK);
5

(K. (GHL[]) 0, 0), B 0) T4 (K", (6HL.[]) 0, ¢). 1Y O)
((1), (2), (3), (4), (RHFK),)
¢ (K',(0Hy.[]) @ €), HY " O)
* Case (RHFK),. Similar with (RHFK);. Omitted.

e Case (UNBg),. unbox (box vl) Lot

(ro;r1), L v = (1, 1)

1. ro;7r1 - box vl (Au.wl, 1)

ro,71 - unbox (box 111) — (H”_1 O, (6H.[]) @, Mu.wt)
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2. ro,ry ot e (01, 1) (1), Lemma [j]
3. \u.v! € Valuee
4.

((H* O)[H [H)[ua’)/H] = (H " O)[(Mu.v')/H]
=(vlxvuvt) O

=({} 2uv') O

= ot O
{0 fult
= (Remark [2)
1 v! CA" 1
5. ((6H.[]) @ Auw’,H” O) —(L,v) (3), (4), (RHFE),
e Case (RUNg);.
o
— Case n = 0. €c—¢
run e — run €’
rore~ (e, 1) rore — (e,1)
rorun e~ (let h=ein (h()),1) ro-run e’ — (let A =¢ in (K O),1)
L (L) 5 (1,¢) (1H)
2 ¢ e (1), (RNOR)
3.
C;A* ;.
let h=¢cin (h()) = let h=¢ in (RQO)) (2)
=clet B =¢ in (W' O)
4 (Llet h=ein (hO)) S5 (L 1et B = ¢ in (W' O)) (3), (RNOR)
— Case n > 1. 676,
run e — run €’
Rrew (¢, K) Rre'w— (¢/,K")
Rrrunew (let h=¢e in (hQ),K) Rrrune w (let M =¢ in (R Q)),K")

By (IH), (K,e) %(K,,Q,>. In this case, (RNOR)cannot be applied.

x Case (RUNB);.

L. K =(3H.[]) 0y en, k2, Ky (IH), (RUNB);
2. K'=(6H.[]) @ €y, k2, ki (IH), (RUNB);
3.e=¢ (IH), (RUNB);
4.

let h=cin (h())=1let h=¢ in (hQ)) (3)

=t let A =¢ in (R Q)

5. ey — €y (IH), (RUNB),
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6. (K,let h=c in (hQ))) C;—A:(K’,let h' =¢e in (K" Q))

32

(1), (2)7 (4)7 (5)7 (R'UNB)l

% Case (RUNB),. Similar with (RUNB);. Omitted.
x Case (RHFE);.

. K= ((5H|::|) Oy ey

. K'=1

1
2
3. (e[H"/H])[en/H] 2> ¢!
4.

(IH), (RHFE);
(IH), (RHFE);

(IH), (RHFE),

(et h=e in (hO))[H"/H])[en/H] = 1et h = (e[H/H])[en/H] in (hO)

A let h=¢' in (RQ) (3)
=c let K =¢ in (K'O)

5. (K,let h=¢ in (hQ))) c;—Aj(K',let h'=¢e in (h'O)))

(1), (2), (4), (RHFE),

* Case (RHFE),. Similar with (RHFE);. Omitted.
x Case (RHFK);.

. K=(0H.[']) ©, ep, ko, kn

. K= Kb K3,y Ry

1

2

3. (ko[ HY [H]) en/H] 2>
Loe=¢

5

I

let h=e in (hQ))=1let h=¢" in (hO)
=t let b =€ in (W' Q)

6. (K,1let h=ein (h0O)) S5(K', 1et W = ¢ in (W O))

(IH), (RHFK),
(IH), (RHFK);
(IH), (RHFK),
(IH), (RHFK),

(4)

(l)v (2)7 (3)’ (5)7 (RHFK)i

x Case (RHFK),. Similar with (RHFK);. Omitted.

e Case (RUNs),. run (box v') Ot

ro, L vt (vh 1)

1. o Fbox vl = (Au.wl, 1)

ro - run (box v') = (let h=Auw' in (hQ)),1)

2. ool (vl 1)
3. \u.v! € Valuee
4.

let h=Au.v! in (hO) R vt O

A 10 ulet
1

=v

5. (1,1et h=Awol in (hO)) S5 (1, 01)

e Case (ABSg). Similar with (RUNs);. Omitted.

(1), Lemma

3)

(Lemma

(4), (RNOR)
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O
Proof of Theorem [l There exists such e and e’ by Lemma Corollary The case for reducible
expressions is a corollary of Lemma and Lemma [§] proves the case for values. O
5.7 Inversion

Lemma 12. Assume e is a A¢ expression, k is a continuation, and H is a hole environment.
IfHURF e e then H kle] ~ e.

Proof. by induction on k.

o Let k= (0H.['])®, en.

Suppose HU(dH.[]) ®, eqg e > e. We have HU{H : ey} e esince (0H.[]) ©, eq =
{H :eq}. Also, by definition of the inverse translation, we have H - (6H.e) ©, e = e.

o Let k= (0H.K") ®y eq.
Suppose H U (6H.k') @, exq + e = e. We have HUr' U{H : ey} + e » e since
(0H.k") @, ey = k" U{H : ey}. By induction hypothesis, H U{H : eg} + r'[e] = e.
Also, by definition of the inverse translation, we have H + (6H.k'[e]) ©, en = e.

O

Proof of Theorem[3 by structural induction on e. We are going to show only the interesting
cases; other cases follow straightforward from the induction hypothesis.

o Lete=u.
Suppose R+ z — (z,1). We have @+ x = x.

e Let e =box €.
Suppose R, 1L + e — (e, K). We have two cases on translation of box e, depending on
whether K equals to L of not.

— Case K = 1.
We have R+ box e — (Au.e, 1). By induction hypothesis, we have H + e = ¢ for any
H. So we have H + Au.e » box e.

— Case K = K’ k.
We have R + box e + (k[Au.e], K'). Suppose K’ ¢ H. We have K,k = K'UK € HUE.
By induction hypothesis, we have H UK e = e. So we have H UK + Au.e = box e.
By Lemma [12] H + s[Au.e] = box e.

e Let e = unbox €'
Suppose R,T,_1,T, - unbox e ~ (H”i1 O, (K, ((6H.[[]) @, €))). We have R, (rp-1;77) +
e (,K), and v = {z/x | ® € r,}. Suppose (K,((6H.['])@,e)) € H. We have
(K,((6H.['])@,¢)) = Ku{H : e}. Then, we have K ¢ (K,((6H.[']) ®,¢)) € H. By
induction hypothesis, we have H + e = e. Also, H(H) = e. So we have H + H O~
unbox e.

O
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A Static Analysis of the Context Calculus

In this section, we present the set-based analysis [3] for the Context Calculus [2].

A.1 Construction

Figure [12| represents how set constraints are constructed in the context calculus. (SCHVAR),
(SCHAPP), (SCHABS), and (SCHUNIT) are added to handle new terms of the context calculus.
This expansion is natural because of the following reasons: (1) New terms such as dH.e and
e1 ®, ex have a similar reduction to Az.e and e; es. (2) Difference between the normal ab-
straction/application and the hole abstraction/application does not affect the construction of
set constraints, since the set-based analysis assumes that all variables are distinct from each
other.

A.2 Simplification

Simplification algorithm for the context calculus is also presented in Figure [I2] Only case of
happly added to usual simplification algorithm, and it is similar to the case of apply.
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Construction of Set Constraints

(SCCONST) INEREETIY
SCVAR _—
(SCTAR) o (% ()
SCHVAR
(SCRTAR) 5 (X ()
e1 > (X1,C1) e2 b (A2,C2)
SCAPP
( ) e1 ea D> (V,{Y 2 apply(X1, X2)} uC1UC2)
e D> (X,C)
(5CABS) Az.e > (V,{Y 2 z.e,ran(Az.e) 2 X} uC)
(SCHAPP) e1 > (X1,C1) ez > (X2,C2)
e1 0, ea > (V,{Y 2 happly(X1, &)} uCi UC2)
SCHABS ¢ b (X,0)
( ) 0H.e > (V,{Y20H.e,hran(6H.e) 2 X} UuC)
(SCHUNIT)

O X, {xX20})
Simplification Algorithm

input a collection C of set constraints;

repeat

— if X 2 apply(X1, X2) and X1 2 Az.e both appear in C then
— — add X 2 ran(Az.e) to C;

— —add X, 2 &> to C;

— if X 2 happly(X1,X>2) and X1 2 §H.e both appear in C then
— — add X 2 hran(dH.e) to C;

— —add X, 2 &> to C;

— if X 2 X" and X’ 2 ae both appear in C,

— — where ae is atomic and not a set variable, then

— —add X 2 ae to C;

until no step changes C;

output explicit(C);

Figure 12: Set-Based Analysis of the Context Calculus
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