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1 MetaML-Like Multi-Staged Calculus λS

1.1 Syntax

The syntax of MetaML-like multi-staged calculus is defined as Figure 1.
MetaML-like multi-staged calculus admits lift as follows:

lift e =def λx.box x e

It does not hold in Lisp-like multi-staged calculus [1] because the defined x and the used x
belong to different stages. Note that lift is not admissible in Lisp-like multi-staged calculus.

Syntax
Variable x, y ∈ Var

Constant i ∈ Const

ExprS e ∶∶= i ∣ x ∣ λx.e ∣ e e
∣ box e ∣ unbox e ∣ run e

Figure 1: Syntax of λS

1.2 Operational Semantics

The operational semantics of λS and the substitution rule for that is given as Figure 2 and
Figure 3, respectively.

Multi-staged calculus has many syntactic categories for values and expressions including
n-staged values, ValuenS , and n-staged expressions, ExprnS . The operational semantics depends
on the diversified syntactic categories to rule out ill-formed programs.

The substitution in MetaML-like multi-staged calculus works across staging constructs.
To clarify n-staged values and expressions, we define the depth of expressions. For e ∈ ExprS ,

depth of e, depth(e), is the number of nested unboxes that are not enclosed with boxes, defined
as Definition 1.
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Definitions
Value0S v0 ∶∶= i ∣ x ∣ λx.e0 ∣ box v1

ValuenS(n ≥ 1) vn ∶∶= i ∣ x ∣ λx.vn ∣ vn vn
∣ box vn+1 ∣ unbox vn−1(n ≥ 2) ∣ run vn

Expr0S e0 ∶∶= i ∣ x ∣ λx.e0 ∣ e0 e0 ∣ box e1 ∣ run e0

ExprnS(n ≥ 1) en ∶∶= i ∣ x ∣ λx.en ∣ en en
∣ box en+1 ∣ unbox en−1(n ≥ 1) ∣ run en

Operational Semantics

(APPS)
e1

nÐ→ e′1

e1 e
n
2

nÐ→ e′1 e
n
2

e
nÐ→ e′

vn e
nÐ→ vn e′ (λx.e0) v0 0Ð→ [x↦ v0]e0

(BOXS) e
n+1Ð→ e′

box e
nÐ→ box e′

(UNBS) e
nÐ→ e′

unbox e
n+1Ð→ unbox e′ unbox (box v1) 1Ð→ v1

(RUNS) e
nÐ→ e′

run e
nÐ→ run e′ run (box v1) 0Ð→ v1

(ABSS) e
n+1Ð→ e′

λx.e
n+1Ð→ λx.e′

Figure 2: Operational Semantics of λS

Substitution

[x↦ v]i = i

[x↦ v]y = { v if x = y
y otherwise

[x↦ v]λy.e =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

λy.e if x = y or x ∉ FV(e)
λy.[x↦ v]e if x ≠ y and y ∉ FV(v) and y ∉ BV(v)
λy′.[x↦ v]([y ↦ y′]e) otherwise, where y′ ∉ FV(v) and y′ ∉ BV(v)

[x↦ v](e1 e2) = [x↦ v]e1 [x↦ v]e2

[x↦ v]box e = box [x↦ v]e
[x↦ v]unbox e = unbox [x↦ v]e
[x↦ v]run e = run [x↦ v]e

Free/Bound Variables

FV(i) = ∅
FV(x) = {x}
FV(λx.e) = FV(e) ∖ {x}
FV(e1 e2) = FV(e1) ∪ FV(e2)
FV(box e) = FV(e)
FV(unbox e) = FV(e)
FV(run e) = FV(e)

BV(i) = ∅
BV(x) = ∅
BV(λx.e) = BV (e) ∪ {x}
BV(e1 e2) = BV (e1) ∪BV (e2)
BV(box e) = BV (e)
BV(unbox e) = BV (e)
BV(run e) = BV (e)

Figure 3: Substitution over λS
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Definition 1 (Depth). For e ∈ ExprS , depth(e) is defined as the following.

depth(i) = 0
depth(x) = 0
depth(λx.e) = depth(e)
depth(e1 e2) = max(depth(e1),depth(e2))

depth(box e) = {
depth(e) − 1 if depth(e) > 0
0 if depth(e) = 0

depth(unbox e) = depth(e) + 1
depth(run e) = depth(e)

Clearly, depth(e) ≥ 0.

Intuitively, the depth means the minimum stage of which the given expression is valid. For
example, if depth(e) = n, e is meaningless in semantics at the stage below n.

Furthermore, the depth of e determines the reducibility of e at the stage n. Suppose an
expression e is not stuck and the depth of e is equal to or less than n > 0. The expressions e is
reducible at stage n if and only if the depth of e is n. Lemma 1 states these properties. Refer
to § 5.2 for the proof of Lemma 1.

Lemma 1 (Reducibility wrt Depth). Depth determines the reducibility as the follows:

• If e ∈ ExprnS then depth(e) ≤ n.

• If v ∈ ValuenS then

⎧⎪⎪
⎨
⎪⎪⎩

depth(v) = 0 if n = 0

depth(v) < n if n ≥ 1

• If e
n
Ð→ e′ then depth(e) = n.
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2 Context Calculus λC

2.1 Syntax

The syntax of λC [2] is defined as Figure 4. Note that the type system of λC [2] tells us that
for any hole abstraction δX.e the hole variable X occurs only once at e and does not occur
outside the abstraction. Here, we do not introduce the type system of λC explicitly.

The renamer ν is a partial function from Var to Var, denoted by {y1/x1,⋯, yn/xn}, where
yi’s are fresh names without conflicting xi’s for the simplicity, (except identity renamers). The
renamer can be easily extended into a total function by letting ν(x) = x for all x ∉ dom(ν).
Therefore, we can use {} for an identity function.

Syntax
Variable x, y, u, h,w0,w1,⋯ ∈ Var

Hole Variable X,Y,H ∈ HoleVar

Renamer ν ∈ Var
finÐ→ Var

Constant i ∈ Const

ExprC e ∶∶= i ∣ x ∣ λx.e ∣ e e
∣ Xν ∣ δX.e ∣ e⊙ν e

Figure 4: Syntax of λC

2.2 Operational Semantics

The operational semantics of λC and the substitution rule for that is given as Figure 5 and
Figure 6, respectively.

Definitions
ValueC v ∶∶= i ∣ x ∣ X ∣ λx.e ∣ δX.e

Operational Semantics

(APPC)
e1

CÐ→ e′1

e1 e2
CÐ→ e′1 e2

e
CÐ→ e′

v e
CÐ→ v e′

FH(e) = FH(v) = ∅

(λx.e) v CÐ→ {v/x}e

(HAPPC)
e1

CÐ→ e′1

e1 ⊙ν e2
CÐ→ e′1 ⊙ν e2

e
CÐ→ e′

v ⊙ν e
CÐ→ v ⊙ν e′ (δX.e) ⊙ν v

CÐ→ (e[Xν/X])[v/X]

Figure 5: Operational Semantics of λC
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Variable Substitution

{v/x}i = i

{v/x}y = { v if x = y
y otherwise

{v/x}λy.e =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

λy.e if x = y or x ∉ FV(e)
λy.{v/x}e if x ≠ y and y ∉ FV(v) and y ∉ BV(v)
λy′.{v/x}({y′/y} e) otherwise, where y′ ∉ FV(v) and y′ ∉ BV(v)

{v/x}(e1 e2) = {v/x}e1 {v/x}e2

{v/x}Xν =Xν

{v/x}δX.e = δX.{v/x}e

{v/x}e1 ⊙ν e2 = { {v/x}e1 ⊙ν {v/x}e2 if x ∉ dom(ν)
{v/x}e1 ⊙ν e2 if x ∈ dom(ν)

Hole Substitution

i[v/X] = i
x[v/X] = x
(λx.e)[v/X] = λx.e[v/X]
(e1 e2)[v/X] = e1[v/X] e2[v/X]

Y ν[v/X] = { ν v if X = Y
Y ν if X ≠ Y

(δY.e)[v/X] = { δY.e if X = Y
δY.e[v/X] if X ≠ Y and Y ∉ FH(v)

(e1 ⊙ν e2)[v/X] = e1[v/X] ⊙ν e2[v/X]

Free/Bound Variables

FV(i) = ∅
FV(x) = {x}
FV(λx.e) = FV(e) ∖ {x}
FV(e1 e2) = FV(e1) ∪ FV(e2)
FV(Xν) = ∅
FV(δX.e) = FV(e)
FV(e1 ⊙ν e2) = FV(e1) ∪ (FV(e2) ∖ dom(ν))

BV (i) = ∅
BV (x) = ∅
BV (λx.e) = BV (e) ∪ {x}
BV (e1 e2) = BV (e1) ∪BV (e2)
BV (Xν) = ∅
BV (δX.e) = BV (e)
BV (e1 ⊙ν e2) = BV (e1) ∪ (BV (e2) ∪ dom(ν))

Free/Bound Hole Variables

FH(i) = ∅
FH(x) = ∅
FH(λx.e) = FH(e)
FH(e1 e2) = FH(e1) ∪ FH(e2)
FH(Xν) = {X}
FH(δX.e) = FH(e) ∖ {X}
FH(δe1.e2ν) = FH(e1) ∪ FH(e2)

BH(i) = ∅
BH(x) = ∅
BH(λx.e) = BH(e)
BH(e1 e2) = BH(e1) ∪BH(e2)
BH(Xν) = {X}
BH(δX.e) = BH(e) ∪ {X}
BH(δe1.e2ν) = BH(e1) ∪BH(e2)

Renamer Application

ν x = ν(x)
ν λx.e = λx.ν∣dom(ν)∖{x} e
ν e1 e2 = ν e1 ν e2

ν Xν′ =Xν⋆ν′

ν δX.e = δX.ν e
ν e1 ⊙ν′ e2 = ν e1 ⊙ν′ ν∣dom(ν)∖dom(ν′) e2

Renamer Composition

ν1 ⋆ ν2 =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

ν1 if ν2 = {}
ν2 if ν1 = {}
ν o.w., where dom(ν) = dom(ν2) and ∀x ∈ dom(ν2). ν(x) = ν1(ν2(x))

Figure 6: Substitution over λC
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3 Translation and Simulation

3.1 Inference Rules

Definitions
Environment r ∶∶= � ∣ r;x
Environment Stack R ∶∶= r ∣ R, r

Continuation κ ∶∶= (δH.[⋅]) ⊙ν e ∣ (δH.κ) ⊙ν e
Continuation Stack K ∶∶= � ∣ K,κ

Translation

(TCON) R ⊢ i↦ (i,�) (TVAR) R ⊢ x↦ (x,�)

(TABS)
R, (rn;x) ⊢ e↦ (e,K)
R, rn ⊢ λx.e↦ (λx.e,K)

(TAPP)
R ⊢ e1 ↦ (e1,K1) R ⊢ e2 ↦ (e2,K2)

R ⊢ e1 e2 ↦ (e1 e2,K1 &K2)

(TBOX)
R,� ⊢ e↦ (e, (K,κ)) new u

R ⊢ box e↦ (κ[λu.e],K)
R,� ⊢ e↦ (e,�) new u

R ⊢ box e↦ (λu.e,�)

(TUNB)

R, (rn−1; rn) ⊢ e↦ (e,K)
rn = xk;⋯;x0 ν = {wk/xk,⋯,w0/x0} new H

R,rn−1, rn ⊢ unbox e↦ (Hν−1 (), (K, ((δH.[⋅]) ⊙ν e))

(TRUN)
R ⊢ e↦ (e,K) new h

R ⊢ run e↦ (let h = e in h (),K)

Environment Concatenation

r;� = r
�; r = r

r1; (r2;x) = (r1; r2);x

Renamer Inverse
{y1/x1,⋯, yn/xn}−1 = {x1/y1,⋯, xn/yn}

Continuation Stack Merger

� &K = K
K & � = K

(K1, κ1) & (K2, κ2) = (K1 &K2), (κ1[κ2])

Figure 7: Translation from λS to λC

3.2 Simulation

We need to introduce the admin reduction as Figure 8.
We state the correctness of the translation in terms of the simulation of reducible expressions

and values of λS . Note that we do not need to assume that FV(e) = ∅. Our translation works
with any expression with free variables. Refer to § 5.6 for the proof of Theorem 1.

Theorem 1 (Simulation). Let e, e′ ∈ ExprS and e
0
Ð→ e′. Let � ⊢ e↦ (e,�) and � ⊢ e′ ↦ (e′,�).

Then e
C;A∗

Ð→ e′. Furthermore, If e ∈ Value0S then e ∈ ValueC.
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Admin Reduction

(ABSA) (λu.e)() AÐ→ {()/u}e

(ABSA) e
AÐ→ e′

λx.e
AÐ→ λx.e′

(APPA)
e1

AÐ→ e′1

e1 e2
AÐ→ e′1 e2

e2
AÐ→ e′2

e1 e2
AÐ→ e1 e

′
2

(HABSA) e
AÐ→ e′

δX.e
AÐ→ δX.e′

(HAPPA)
e1

AÐ→ e′1

e1 ⊙ν e2
AÐ→ e′1 ⊙ν e2

e2
AÐ→ e′2

e1 ⊙ν e2
AÐ→ e1 ⊙ν e′2

Figure 8: Admin Reduction

4 Inverse Translation

4.1 Inference Rules

Theorem 2 (Inversion). Let e be a λS expression and R be an environment stack. If R ⊢ e↦
(e,K) then H ⊢ e↣ e for any H such that K ⊆ H.
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Definitions

Hole Environment H ∈ HoleVar
finÐ→ ExprC

Translation
(ICON) H ⊢ i↣ i

(IVAR) H ⊢ x↣ x

(IABS)
H ⊢ e↣ e

H ⊢ λx.e↣ λx.e

(IAPP)
H ⊢ ei ↣ ei e2 ≠ ()

H ⊢ e1 e2 ↣ e1 e2

(ICTX)
H ∪ {H ∶ e′} ⊢ e↣ e

H ⊢ (δH.e) ⊙ν e′ ↣ e

(IBOX)
H ⊢ e↣ e

H ⊢ λu.e↣ box e

(IUNB)
H ⊢ H(H) ↣ e

H ⊢H ()↣ unbox e

(IRUN)
H ⊢ e↣ e

H ⊢ let H = e in (H ()) ↣ run e

Continuation Cumulation Operator

� = ∅
(K,κ) =K ∪ κ
[⋅] = ∅
(δH.κ) ⊙ν e = κ ∪ {H ∶ e}

Figure 9: Inverse Translation from λC to λS
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5 Proofs

5.1 Preliminaries

5.1.1 Notations

Notation 1 (Abbreviations). If K is not �, we omit the leading � from K. That is, we use
(κ1,⋯, κn) instead of (�, κ1,⋯, κn).

Notation 2. We write L(Var) for a set of lists consisting of elements of Var. For x ∈ Var
and r ∈ L(Var), we write x ∈ r meaning that x is an element of r, and we write x ∉ r meaning
that x is not an element of r. We write r∖{x} for the list that is same with r but does not the
element x.

5.1.2 Assumptions

To avoid unnecessary complexities, we assume that for all expression e of λS , all bound variables
in e are distinct. This results in no loss of generality.

5.2 Continuations

We need to extend some definitions of λC into the continuations and the continuation stacks
for clarity of proofs.

The following remarks are corollary of Figure 10.

Remark 1. Let x ∈ Var, X ∈ HoleVar, v ∈ ValueC and K ∈ Continuation Stack. Then

• {v/x}(K1 &K2) = {v/x}K1 & {v/x}K2

• (K1 &K2)[v/X] =K1[v/X] &K2[v/X]

We will start with the proof of Lemma 1.

Proof of Lemma 1. This proof is divided into two parts. The first is for the first two statememts
(S1) and (S2), and the second is for the last statement (S3).

Part 1: Proof of (S1) and (S2)

By structural induction on ExprS (IH1) and ValueS (IH2), and case analysis on rules.

• Case e0 ∈ Expr0S .

– Case e0 = i. depth(i) = 0 ≤ 0.

– Case e0 = x. depth(x) = 0 ≤ 0.

– Case e0 = λx.e0. By (IH1), depth(e0) ≤ 0. Then, depth(λx.e0) = depth(e0) ≤ 0.

– Case e0 = box e1. By (IH1), depth(e1) ≤ 1. Then, depth(e1) is 0 or 1.

∗ Case depth(e1) = 0. depth(box e1) = 0 ≤ 0.

∗ Case depth(e1) = 1. depth(box e1) = depth(e1) − 1 = 1 − 1 = 0 ≤ 0.

• Case en ∈ ExprnS (n ≥ 1).

– Case en = i. depth(i) = 0 ≤ n.

– Case en = x. depth(x) = 0 ≤ n.

– Case en = λx.en. By (IH1), depth(en) ≤ n. Then, depth(λx.en) = depth(en) ≤ n.

– Case en = en1 en2 . By (IH1), depth(en1 ) ≤ n. By (IH1), depth(en2 ) ≤ n. Then,
depth(en1 e

n
2 ) = max(depth(en1 ),depth(en2 )) ≤ n.
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Definitions
x ∈ Var

X,H ∈ HoleVar

v ∈ ValueC
e ∈ ExprC

κ ∈ Continuation
K ∈ Continuation Stack

Variable Substitution Extended into Continuations

{v/x}[⋅] = [⋅]

{v/x}(δH.κ) ⊙ν e = { (δH.{v/x}κ) ⊙ν {v/x}e if x ∉ dom(ν)
(δH.{v/x}κ) ⊙ν e if x ∈ dom(ν)

{v/x}� = �
{v/x}(K,κ) = {v/x}K,{v/x}κ

Hole Substitution Extended into Continuations

[⋅][v/X] = [⋅]

(δH.κ⊙ν e)[v/X] = { (δH.κ) ⊙ν e[v/X] if X =H
(δH.κ[v/X]) ⊙ν e[v/X] if X ≠H

�[v/X] = �
(K,κ)[v/X] =K[v/X], κ[v/X]

Admin Reduction Extended into Continuations

e
AÐ→ e′

(δH.[⋅]) ⊙ν e
AÐ→ (δH.[⋅]) ⊙ν e′

e
AÐ→ e′

(δH.κ) ⊙ν e
AÐ→ (δH.κ) ⊙ν e′

κ
AÐ→ κ′

(δH.κ) ⊙ν e
AÐ→ (δH.κ′) ⊙ν e

K
AÐ→K′

K,κ
AÐ→K′, κ

κ
AÐ→ κ′

K,κ
AÐ→K,κ′

Figure 10: Definitions Extended into Continuations
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– Case en = box en+1. By (IH1), depth(en+1) ≤ n + 1. Then, depth(box en+1) =

depth(en+1) − 1 ≤ n + 1 − 1 = n.

– Case en = unbox en−1 (n ≥ 2). By (IH1), depth(en−1) ≤ n−1. Then, depth(unbox en−1) =
depth(en−1) + 1 ≤ n − 1 + 1 = n.

– Case en = run en. By (IH1), depth(en) ≤ n. Then, depth(run en) = depth(en) ≤ n.

• Case v0 ∈ Value0S .

– Case v0 = i. depth(i) = 0.

– Case v0 = λx.e0. By (IH1), depth(e0) ≤ 0. Then, depth(e0) = 0. Then, depth(λx.e0) =
depth(e0) = 0.

– Case v0 = box v1. By (IH2), depth(v1) < 1. Then, depth(v1) = 0. Then, depth(box v1) =
0.

• Case vn ∈ ValuenS (n ≥ 1).

– Case vn = i. depth(i) = 0 < n.

– Case vn = x. depth(x) = 0 < n.

– Case vn = λx.vn. By (IH2), depth(vn) < n. Then, depth(λx.vn) = depth(vn) < n.

– Case vn = vn1 vn2 . By (IH2), depth(vn1 ) < n. By (IH2), depth(vn2 ) < n. Then,
depth(vn1 vn2 ) = max(depth(vn1 ),depth(vn2 )) < n.

– Case vn = box vn+1. By (IH2), depth(vn+1) < n + 1. Then, depth(box vn+1) =

depth(vn+1) − 1 < n + 1 − 1 = n.

– Case vn = unbox vn−1 (n ≥ 2). By (IH2), depth(vn−1) < n−1. Then, depth(unbox vn−1) =
depth(vn−1) + 1 < n − 1 + 1 = n.

– Case vn = run vn. By (IH2), depth(vn) < n. Then, depth(run vn) = depth(vn) < n.

Part 2: Proof of (S3)

By structural induction on the derivation of ⋅
n
Ð→ ⋅ (IH).

• Case (APPS)1.
e1

n
Ð→ e′1

e1 e
n
2

n
Ð→ e′1 e

n
2

. By (IH), depth(e1) = n. By (S1), depth(en2 ) ≤ n.

Then, depth(e1 e
n
2 ) = max(depth(e1),depth(en2 )) = n.

• Case (APPS)2.

– n = 0.
e

0
Ð→ e′

v0 e
0
Ð→ v0 e′

. By (IH), depth(e) = 0. By (S2), depth(v0) = 0. Then,

depth(v0 e) = max(depth(v0),depth(e)) = 0.

– n ≥ 1.
e

n
Ð→ e′

vn e
n
Ð→ vn e′

. By (IH), depth(e) = n. By (S2), depth(vn) ≤ n. Then,

depth(vn e) = max(depth(vn),depth(e)) = n.

• Case (APPS)3. (λx.e0) v0
0
Ð→ [x ↦ v0]e0. By (S2), depth(λx.e0) = 0. By (S2),

depth(v0) = 0. Then, depth((λx.e0) v0) = max(depth(λx.e0),depth(v0)) = 0.

• Case (BOXS).
e
n+1
Ð→ e′

box e
n
Ð→ box e′

By (IH), depth(e) = n + 1. Then, depth(box e) =

depth(e) − 1 = n + 1 − 1 = n.
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• Case (UNBS)1.
e

n
Ð→ e′

unbox e
n+1
Ð→ unbox e′

By (IH), depth(e) = n. Then, depth(unbox e) =

depth(e) + 1 = n + 1.

• Case (UNBS)2.
unbox (box v1)

1
Ð→ v1

By (S2), depth(box v1) = 0. Then, depth(unbox (box v1)) =

depth(box v1) + 1 = 1.

• Case (RUNS)1.
e

n
Ð→ e′

run e
n
Ð→ run e′

By (IH), depth(e) = n. Then, depth(run e) = depth(e) =

n.

• Case (RUNS)2.
FV (v1) = ∅

run (box v1)
0
Ð→ v1

By (S2), depth(box v1) = 0. Then, depth(run (box v1)) =

depth(box v1) = 0.

• Case (ABSS).
e
n+1
Ð→ e′

λx.e
n+1
Ð→ λx.e′

By (IH), depth(e) = n+1. Then, depth(λx.e) = depth(e) =

n + 1.

The translation rule creates a new continuation for each unbox and stores it in the contin-
uation stack K. Later, the rule consumes the last continuation of the stack for each box.

Lemma 2 states that if the translation of e results in the continuation stack K, the length
∣K ∣ of the continuation stack equals to the depth depth(e) of e, which is the number of nested
unboxes in e that is not enclosed by boxes.

Definition 2 (Continuation Stack Length). ∣K ∣ denotes the length of the continuation stack
K, defined as the following.

∣�∣ = 0
∣K,κ∣ = ∣K ∣ + 1

Clearly, ∣K ∣ ≥ 0.

Lemma 2 (Continuation Stack Length wrt Depth). If e ∈ ExprS and R ⊢ e ↦ (e,K) then
∣K ∣ = depth(e).

Proof. By structural induction on the derivation of ⋅ ⊢ ⋅ ↦ (⋅, ⋅) (IH).

• Case (TCON). R ⊢ i↦ (i,�). ∣K ∣ = ∣�∣ = 0 = depth(i).

• Case (TVAR). R ⊢ x↦ (x,�). ∣K ∣ = ∣�∣ = 0 = depth(x).

• Case (TABS).
R, (rn;x) ⊢ e↦ (e,K)

R, rn ⊢ λx.e↦ (λx.e,K)
. By (IH), ∣K ∣ = depth(e). Then, depth(λx.e) =

depth(e) = ∣K ∣.

• Case (TAPP).
R ⊢ e1 ↦ (e1,K1) R ⊢ e2 ↦ (e2,K2)

R ⊢ e1 e2 ↦ (e1 e2,K1 &K2)
. By (IH), ∣K1∣ = depth(e1). By

(IH), ∣K2∣ = depth(e2). Then, depth(e1 e2) = max(depth(e1),depth(e2)) = max(∣K1∣, ∣K2∣) =

∣K1 &K2∣.

• Case (TBOX)1.
R,� ⊢ e↦ (e, (K,κ))

R ⊢ box e↦ (κ[λu.e],K)
. By (IH), ∣K,κ∣ = ∣K ∣ + 1 = depth(e). Then,

depth(box e) = depth(e) − 1 = ∣K ∣ + 1 − 1 = ∣K ∣.
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• Case (TBOX)2.
R,� ⊢ e↦ (e,�)

R ⊢ box e↦ (λu.e,�)
. By (IH), ∣K ∣ = ∣�∣ = 0 = depth(e). Then,

depth(box e) = 0.

• Case (TUNB).
R, (rn−1; rn) ⊢ e↦ (e,K) ν = {x/x ∣ x ∈ rn} new H

R,rn−1, rn ⊢ unbox e↦ (Hν(), (K, (δH.[⋅]) ⊙ν e))
. By (IH),

∣K ∣ = depth(e). Then, depth(unbox e) = depth(e) + 1 = ∣K ∣ + 1 = ∣K, (δH.[⋅]) ⊙ν e∣.

• Case (TRUN).
R ⊢ e↦ (e,K)

R ⊢ run e↦ (let h = e in (h()),K)
. By (IH), ∣K ∣ = depth(e). Then,

depth(run e) = depth(e) = ∣K ∣.

Corollary 1. Let e ∈ ExprS and R ⊢ e↦ (e,K) and e
n
Ð→ e′. Then ∣K ∣ = n.

Proof. Corollary of Lemma 1 and Lemma 2.

Lemma 3 (Hole Variable Binding). The n-stage hole variables are bound at the stage n − 1.

• Suppose R ⊢ e↦ (e, (κ1,⋯, κk−1, κk,⋯, κn)).

– FH(e) ⊆ BH(κn)

– FH(κk) ⊆ BH(κk−1) (2 ≤ k ≤ n)

– FH(κ1) = ∅

• Suppose R ⊢ e↦ (e, (κ1,⋯, κk−1, κk[κ′k],⋯, κn)).

– FH(κ′k) ∩BH(κk) = ∅

– FH(κ′k) ⊆ BH(κk−1) (2 ≤ k ≤ n)

Proof. By structural induction on ExprS .

5.3 Existence of Translation

Lemma 4 states that for any expression e of λS whose depth depth(e) = n, there exists a
translation image e of e, if a proper environment stack is provided. Here ‘proper’ means that
the length of the environment stack is greater than n.

Furthermore, Lemma 5 states that the translation depends on only last n environments of
the stack.

Lemma 4 (Existence). If e ∈ ExprS and depth(e) = n then for all ri ∈ L(Var) (0 ≤ i ≤ n),
there exists e and K such that r0,⋯, rn ⊢ e↦ (e,K).

Proof. By structural induction on ExprS (IH).

• Case e = i. depth(i) = 0. By (TCON), for all r0 ∈ ℘(Var), we can have r0 ⊢ i↦ (i,�).

• Case e = x. depth(x) = 0. By (TVAR), for all r0 ∈ ℘(Var), we can have r0 ⊢ x↦ (x,�).

• Case e = λx.e′. By (IH), for all r0,⋯, rn−1, rn ∈ ℘(Var), there exists e′ and K such that
r0,⋯, rn−1, rn ⊢ e′ ↦ (e′,K). Then, for all r0,⋯, rn−1, r′n ∈ ℘(Var), there exists e′ and
K such that r0,⋯, rn−1, (r′n;x) ⊢ e′ ↦ (e′,K). Then, by (TABS), for all r0,⋯, rn−1, r′n ∈

℘(Var), we can have r0,⋯, rn−1, r′n ⊢ λx.e
′ ↦ (λx.e′,K).

• Case e = e1 e2. By (IH), for all ri ∈ ℘(Var) (0 ≤ i ≤ n), there exists e1 and K1 such that
r0,⋯, rn ⊢ e1 ↦ (e1,K1). By (IH), for all ri ∈ ℘(Var) (0 ≤ i ≤ n), there exists e2 and K2

such that r0,⋯, rn ⊢ e2 ↦ (e2,K2). Then, by (TAPP), for all ri ∈ ℘(Var) (0 ≤ i ≤ n), we
can have r0,⋯, rn ⊢ e1 e2 ↦ (e1 e2,K1 &K2).
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• Case e = box e′.

– Case depth(e′) = 0. depth(box e′) = 0. By (IH), for all r0 ∈ ℘(Var), there exists e′

and K such that r0 ⊢ e
′ ↦ (e′,K). By Lemma 5, for all r′0, r0 ∈ ℘(Var), r′0, r0 ⊢ e

′ ↦
(e′,K). Since depth(e′) = 0, by Lemma 2, ∣K ∣ = 0, that is, K = �. Therefore, for all
r′0 ∈ ℘(Var), we can have r′0,� ⊢ e

′ ↦ (e′,�). By (TBOX)2, for all r′0 ∈ ℘(Var), we can
have r′0 ⊢ box e

′ ↦ (λu.e′,�).

– Case depth(e′) ≥ 1. n = depth(box e′) = depth(e′) − 1. That is, depth(e′) = n + 1. By
(IH), for all r0,⋯, rn, rn+1 ∈ ℘(Var), there exists e′ and K such that r0,⋯, rn, rn+1 ⊢
e′ ↦ (e′,K). Since depth(e′) = n + 1, by Lemma 2, ∣K ∣ = n + 1 > 0. Then, let
K = (K ′, κ′). Then, for all r0,⋯, rn ∈ ℘(Var), there exists e′, K ′ and κ′ such that
r0,⋯, rn,� ⊢ e

′ ↦ (e′, (K ′, κ′)). By (TBOX)1, for all r0,⋯, rn ∈ ℘(Var), we can have
r0,⋯, rn,� ⊢ box e

′ ↦ (κ′[λu.e′],K ′).

• Case e = unbox e′. n = depth(unbox e′) = depth(e′) + 1. That is, depth(e′) = n − 1. By
(IH), for all r0,⋯, rn−2, rn−1 ∈ ℘(Var), there exists e′ and K such that r0,⋯, rn−2, rn−1 ⊢
e′ ↦ (e′,K). Then, for all r0,⋯, rn−2, r′n−1, r

′
n ∈ ℘(Var), there exists e′ and K such

that r0,⋯, rn−2, (r′n−1; r′n) ⊢ e
′ ↦ (e′,K). Then, by (TUNB), for all r0,⋯, rn−2, r′n−1, r

′
n ∈

℘(Var), we can have r0,⋯, rn−2, r′n−1, r
′
n ⊢ unbox e

′ ↦ (Hν(), (K, (δH.[⋅]) ⊙ν e
′)), where

ν = {x/x ∣ x ∈ r′n}.

• Case e = run e′. By (IH), for all ri ∈ ℘(Var) (0 ≤ i ≤ n), there exists e′ and K such that
r0,⋯, rn ⊢ e

′ ↦ (e′,K). Then, by (TRUN), for all ri ∈ ℘(Var) (0 ≤ i ≤ n), we can have
r0,⋯, rn ⊢ run e

′ ↦ (let h = e′ in (h()),K).

Lemma 5 (Weakening). Suppose e ∈ ExprS and depth(e) = k. If
³¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹µ
r′1,⋯, r

′
n, r1,⋯, rk ⊢ e ↦

(e, κ1,⋯, κk), where n ≥ 1, then for all r′′1 ,⋯, r
′′
m ∈ L(Var), where m ≥ 1, we have r′′1 ,⋯, r

′′
m

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
, r1,⋯, rk ⊢

e↦ (e, κ1,⋯, κk).

Proof. By structural induction on the derivation of ⋅ ⊢ ⋅ ↦ (⋅, ⋅) (IH).

• Case (TCON). k = depth(i) = 0. By (TCON), ∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m ⊢ i↦ (i,�).

• Case (TVAR). k = depth(x) = 0. By (TVAR), ∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m ⊢ x↦ (x,�).

• Case (TABS).

– Case k = 0. k = depth(λx.e) = depth(e) = 0.

r′1,⋯, r
′
n ⊢ λx.e↦ (λx.e,�) (Premise)

r′1,⋯, (r
′
n;x) ⊢ e↦ (e,�) ((TABS))

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m ⊢ e↦ (e,�) (IH)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, (r

′′
m;x) ⊢ e↦ (e,�)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m ⊢ λx.e↦ (λx.e,�) ((TABS))

– Case k ≥ 1. k = depth(λx.e) = depth(e) ≥ 1.

r′1,⋯, r
′
n, r1,⋯, rk ⊢ λx.e↦ (λx.e, κ1,⋯, κk) (Premise)

r′1,⋯, r
′
n, r1,⋯, (rk;x) ⊢ e↦ (e, κ1,⋯, κk) ((TABS))

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m, r1,⋯, (rk;x) ⊢ e↦ (e, κ1,⋯, κk) (IH)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m, r1,⋯, rk ⊢ λx.e↦ (λx.e, κ1,⋯, κk) ((TABS))
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• Case (TAPP).

– Case k = 0. k = depth(e1 e2) = max(depth(e1),depth(e2)) = 0. Then, depth(e1) =

depth(e2) = 0.

r′1,⋯, r
′
n ⊢ e1 e2 ↦ (e1 e2,�) (Premise)

r′1,⋯, r
′
n ⊢ e1 ↦ (e1,�) ((TAPP))

r′1,⋯, r
′
n ⊢ e2 ↦ (e2,�) ((TAPP))

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m ⊢ e1 ↦ (e1,�) (IH)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m ⊢ e2 ↦ (e2,�) (IH)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m ⊢ e1 e2 ↦ (e1 e2,�) ((TAPP))

– Case k ≥ 1. k = depth(e1 e2) = max(depth(e1),depth(e2)) ≥ 1. ∣K1 & K2∣ =

max(∣K1∣, ∣K2∣) = k.

r′1,⋯, r
′
n, r1,⋯, rk ⊢ e1 e2 ↦ (e1 e2,K1 &K2)

(Premise)

r′1,⋯, r
′
n, r1,⋯, rk ⊢ e1 ↦ (e1,K1) ((TAPP))

r′1,⋯, r
′
n, r1,⋯, rk ⊢ e2 ↦ (e2,K2) ((TAPP))

∀r′′1 ,⋯, r
′′
m, r

′′′
1 ,⋯, r

′′′
k−∣K1∣ ∈ L(Var). r′′1 ,⋯, r

′′
m, r

′′′
1 ,⋯, r

′′′
k−∣K1∣, rk−∣K1∣+1,⋯, rk ⊢ e1 ↦ (e1,K1)

(IH)

∀r′′1 ,⋯, r
′′
m, r

′′′
1 ,⋯, r

′′′
k−∣K2∣ ∈ L(Var). r′′1 ,⋯, r

′′
m, r

′′′
1 ,⋯, r

′′′
k−∣K2∣, rk−∣K2∣+1,⋯, rk ⊢ e2 ↦ (e2,K2)

(IH)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m, r1,⋯, rk ⊢ e1 ↦ (e1,K1)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m, r1,⋯, rk ⊢ e2 ↦ (e2,K2)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m, r1,⋯, rk ⊢ e1 e2 ↦ (e1 e2,K1 &K2)

((TAPP))

• Case (TBOX)1.

– Case k = 0. k = depth(box e) = 0.

r′1,⋯, r
′
n ⊢ box e↦ (κ[λu.e],�) (Premise)

r′1,⋯, r
′
n,� ⊢ e↦ (e, κ) ((TBOX)1)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m,� ⊢ e↦ (e, κ) (IH)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m ⊢ box e↦ (κ[λu.e],�) ((TBOX)1)

– Case k ≥ 1. k = depth(box e) ≥ 1. Then, depth(e) ≥ 2, since depth(box e) =

depth(e) − 1.

r′1,⋯, r
′
n, r1,⋯, rk ⊢ box e↦ (κ[λu.e], κ1,⋯, κk) (Premise)

r′1,⋯, r
′
n, r1,⋯, rk,� ⊢ e↦ (e, κ1,⋯, κk, κ) ((TBOX)1)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m, r1,⋯, rk,� ⊢ e↦ (e, κ1,⋯, κk, κ) (IH)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m, r1,⋯, rk ⊢ box e↦ (κ[λu.e], κ1,⋯, κk) ((TBOX)1)

• Case (TBOX)2.
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r′1,⋯, r
′
n ⊢ box e↦ (λu.e,�) (Premise)

r′1,⋯, r
′
n,� ⊢ e↦ (e,�) ((TBOX)1)

∀r′′1 ,⋯, r
′′
m, r

′′′
∈ L(Var). r′′1 ,⋯, r

′′
m, r

′′′
⊢ e↦ (e,�) (IH)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m,� ⊢ e↦ (e,�)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m ⊢ box e↦ (λu.e,�) ((TBOX)1)

• Case (TUNB). k = depth(unbox e) ≥ 1.

– Case k = 1. k = depth(unbox e) = depth(e) + 1 = 1. Then depth(e) = 0.

r′1,⋯, r
′
n, r1 ⊢ unbox e↦ (Hν(), (δH.[⋅]) ⊙ν e) (Premise)

r′1,⋯, (r
′
n; r1) ⊢ e↦ (e,�) ((TUNB))

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m ⊢ e↦ (e,�) (IH)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, (r

′′
m; r1) ⊢ e↦ (e,�)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m, r1 ⊢ unbox e↦ (Hν(), (δH.[⋅]) ⊙ν e) (Premise)

– Case k ≥ 2. k = depth(unbox e) = depth(e) + 1 ≥ 2. Then, depth(e) ≥ 1.

r′1,⋯, r
′
n, r1,⋯, rk−1, rk ⊢ unbox e↦ (Hν(), κ1,⋯, κk−1, ((δH.[⋅]) ⊙ν e))

(Premise)

r′1,⋯, r
′
n, r1,⋯, (rk−1; rk) ⊢ e↦ (e, κ1,⋯, κk−1) ((TUNB))

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m, r1,⋯, (rk−1; rk) ⊢ e↦ (e, κ1,⋯, κk−1) (IH)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m, r1,⋯, rk−1, rk ⊢ unbox e↦ (Hν(), κ1,⋯, κk−1, ((δH.[⋅]) ⊙ν e))

((TUNB))

• Case (TRUN).

– Case k = 0. k = depth(unbox e) = depth(e) = 0.

r′1,⋯, r
′
n ⊢ run e↦ (let h = e in (h()),�) (Premise)

r′1,⋯, r
′
n ⊢ e↦ (e,�) ((TRUN))

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m ⊢ e↦ (e,�) (IH)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m ⊢ run e↦ (let h = e in (h()),�) ((TRUN))

– Case k ≥ 1. k = depth(unbox e) = depth(e) ≥ 1.

r′1,⋯, r
′
n, r1,⋯, rk ⊢ run e↦ (let h = e in (h()), κ1,⋯, κk)

(Premise)

r′1,⋯, r
′
n, r1,⋯, rk ⊢ e↦ (e, κ1,⋯, κk) ((TRUN))

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m, r1,⋯, rk ⊢ e↦ (e, κ1,⋯, κk) (IH)

∀r′′1 ,⋯, r
′′
m ∈ L(Var). r′′1 ,⋯, r

′′
m, r1,⋯, rk ⊢ run e↦ (let h = e in (h()), κ1,⋯, κk)

((TRUN))
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5.4 Value Preservation

Lemma 6 states that a value v of λS translates to a value of λC .

Lemma 6 (Value Preservation). If v ∈ Value0S and R ⊢ v ↦ (v,K) then K = � and v ∈ ValueC.

Proof. By case analysis on Value0S .

• Case v = i. By (TCON), R ⊢ i↦ (i,�). K = �. i ∈ ValueC .

• Case v = x. By (TVAR), R ⊢ x↦ (x,�). K = �. x ∈ ValueC .

• Case v = λx.e0. By (TABS),
R, (rn;x) ⊢ e0 ↦ (e0,K)

R, rn ⊢ λx.e
0 ↦ (λx.e0,K)

. By Lemma 1, depth(e0) ≤ 0,

since e0 ∈ Expr0S . Then, depth(e0) = 0. By Lemma 2, ∣K ∣ = depth(e0) = 0. Then, K = �.
λx.e0 ∈ ValueC .

• Case v = box v1. There are two rules: (TBOX)1 and (TBOX)2. However, By Lemma 1 and
Lemma 2, if R ⊢ v1 ↦ (v1,K), then K = �. Therefore, (TBOX)1 cannot be applied, since

(K,κ) ≠ �. By (TBOX)2,
R,� ⊢ v1 ↦ (v1,�)

R ⊢ box v1 ↦ (λu.v1,�)
. K = �. λu.v1 ∈ ValueC .

5.5 Substitution Preservation

In Lemma 7, {v/x}κi = κi means that every occurence of x is bound in every κi, i.e., x ∉

FV(κk,⋯, κn). Note that it does not mean x does not occur in κi.

Lemma 7 (Free Variables Preservation). Suppose v ∈ ValueC, x ∈ Var, n ≥ 1, m ≥ 0 and
1 ≤ k ≤ n. If

x ∈ rn and r0,⋯, rn
®
, rn+1,⋯, rn+m ⊢ e↦ (e, (κk,⋯, κn

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
, κn+1,⋯, κn+m))

then
{v/x}κi = κi (k ≤ i ≤ n)

Proof. By structural induction on the derivation of ⋅ ⊢ ⋅ ↦ (⋅, ⋅) (IH).

• Case (TCON). K = �. Premise is not satisfied. Not applicable case. Ignored.

• Case (TVAR). K = �. Premise is not satisfied. Not applicable case. Ignored.

• Case (TABS).

– m = 0. x ∈ rn and

r0,⋯, (rn; y) ⊢ e↦ (e, (κk,⋯, κn))

r0,⋯, rn ⊢ λy.e↦ (λy.e, (κk,⋯, κn))

Clearly, x ∈ (rn; y). By (IH), {v/x}κi = κi (k ≤ i ≤ n).

– m ≥ 1. x ∈ rn and

r0,⋯, rn, rn+1,⋯, (rn+m; y) ⊢ e↦ (e, (κk,⋯, κn, κn+1,⋯, κn+m))

r0,⋯, rn, rn+1,⋯, rn+m ⊢ λy.e↦ (λy.e, (κk,⋯, κn, κn+1,⋯, κn+m))

By (IH), {v/x}κi = κi (k ≤ i ≤ n).



April 1, 2012 ROSAEC-2012-015 18

• Case (TAPP). Since ∣K ∣ = ∣K1 &K2∣ = max(∣K1∣, ∣K2∣), ∣K1∣ = ∣K ∣ or ∣K2∣ = ∣K ∣.

– Case ∣K1∣ = ∣K ∣. ∣K2∣ ≤ ∣K ∣ = n +m − k + 1.

∗ Case m = 0.

· Case ∣K2∣ > 0. Let

K = κk,⋯, κn

K1 = κ
′
k,⋯, κ

′
n

K2 = κ
′′
k+l,⋯, κ

′′
n (0 ≤ l ≤ n − k)

By (TAPP),

r0,⋯, rn ⊢ e1 ↦ (e1, (κ
′
k,⋯, κ

′
n)) r0,⋯, rn ⊢ e2 ↦ (e2, (κ

′′
k+l,⋯, κ

′′
n))

r0,⋯, rn ⊢ e1 e2 ↦ (e1 e2, (κk,⋯, κn))

By (IH), {v/x}κ′i = κ′i (k ≤ i ≤ n) and {v/x}κ′′i = κ′′i (k + l ≤ i ≤ n).
Furthermore,

K =K1 &K2

κk,⋯, κn = (κ′k,⋯, κ
′
n) & (κ′′k+l,⋯, κ

′′
n) (0 ≤ l ≤ n − k)

= κ′k,⋯, κ
′
k+l−1, κ

′
k+l[κ

′′
k+l],⋯, κ

′
n[κ

′′
n]

That is,

κi = {
κ′i if k ≤ i ≤ k + l − 1
κ′i[κ

′′
i ] if k + l ≤ i ≤ n

Therefore,

{v/x}κi = {
{v/x}κ′i if k ≤ i ≤ k + l − 1
{v/x}κ′i[{v/x}κ

′′
i ] if k + l ≤ i ≤ n

(k ≤ i ≤ n)

= {
κ′i if k ≤ i ≤ k + l − 1
κ′i[κ

′′
i ] if k + l ≤ i ≤ n

(k ≤ i ≤ n) (IH)

= κi (k ≤ i ≤ n)

· Case ∣K2∣ = 0. Let

K = κk,⋯, κn

K1 = κ
′
k,⋯, κ

′
n

K2 = �

By (TAPP),

r0,⋯, rn ⊢ e1 ↦ (e1, (κ
′
k,⋯, κ

′
n)) r0,⋯, rn ⊢ e2 ↦ (e2,�)

r0,⋯, rn ⊢ e1 e2 ↦ (e1 e2, (κk,⋯, κn))

By (IH), {v/x}κ′i = κ
′
i (k ≤ i ≤ n). Furthermore,

K =K1 &K2

κk,⋯, κn = (κ′k,⋯, κ
′
n) & �

= κ′k,⋯, κ
′
n

That is,
κi = κ

′
i (k ≤ i ≤ n)
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Therefore,

{v/x}κi = {v/x}κ′i (k ≤ i ≤ n)

= κ′i (k ≤ i ≤ n) (IH)

= κi (k ≤ i ≤ n)

∗ Case m ≥ 1.

· Case ∣K2∣ >m. Let

K = κk,⋯, κn, κn+1,⋯, κn+m
K1 = κ

′
k,⋯, κ

′
n, κ

′
n+1,⋯, κ

′
n+m

K2 = κ
′′
k+l,⋯, κ

′′
n, κ

′′
n+1,⋯, κ

′′
n+m (0 ≤ l ≤ n − k)

By (TAPP),

r0,⋯, rn, rn+1,⋯, rn+m ⊢ e1 ↦ (e1, (κ
′
k,⋯, κ

′
n, κ

′
n+1,⋯, κ

′
n+m))

r0,⋯, rn, rn+1,⋯, rn+m ⊢ e2 ↦ (e2, (κ
′′
k+l,⋯, κ

′′
n, κ

′′
n+1,⋯, κ

′′
n+m))

r0,⋯, rn, rn+1,⋯, rn+m ⊢ e1 e2 ↦ (e1 e2, (κk,⋯, κn, κn+1,⋯, κn+m))

By (IH), {v/x}κ′i = κ′i (k ≤ i ≤ n) and {v/x}κ′′i = κ′′i (k + l ≤ i ≤ n).
Furthermore,

K =K1 &K2

κk,⋯, κn, κn+1,⋯, κn+m = (κ′k,⋯, κ
′
n, κ

′
n+1,⋯, κ

′
n+m)

& (κ′′k+l,⋯, κ
′′
n, κ

′′
n+1,⋯, κ

′′
n+m) (0 ≤ l ≤ n − k)

= κ′k,⋯, κ
′
k+l−1, κ

′
k+l[κ

′′
k+l],⋯, κ

′
n[κ

′′
n], κ

′
n+1[κ

′′
n+1],⋯, κ

′
n+m[κ′′n+m]

That is,

κi = {
κ′i if k ≤ i ≤ k + l − 1
κ′i[κ

′′
i ] if k + l ≤ i ≤ n +m

Therefore,

{v/x}κi = {
{v/x}κ′i if k ≤ i ≤ k + l − 1
{v/x}κ′i[{v/x}κ

′′
i ] if k + l ≤ i ≤ n

(k ≤ i ≤ n)

= {
κ′i if k ≤ i ≤ k + l − 1
κ′i[κ

′′
i ] if k + l ≤ i ≤ n

(k ≤ i ≤ n) (IH)

= κi (k ≤ i ≤ n)

· Case ∣K2∣ ≤m. Let

K = κk,⋯, κn, κn+1,⋯, κn+m
K1 = κ

′
k,⋯, κ

′
n, κ

′
n+1,⋯, κ

′
n+m

K2 = κ
′′
n+l,⋯, κ

′′
n+m (1 ≤ l ≤m)

By (TAPP),

r0,⋯, rn, rn+1,⋯, rn+m ⊢ e1 ↦ (e1, (κ
′
k,⋯, κ

′
n, κ

′
n+1,⋯, κ

′
n+m))

r0,⋯, rn, rn+1,⋯, rn+m ⊢ e2 ↦ (e2, (κ
′′
n+l,⋯, κ

′′
n+m))

r0,⋯, rn, rn+1,⋯, rn+m ⊢ e1 e2 ↦ (e1 e2, (κk,⋯, κn, κn+1,⋯, κn+m))
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By (IH), {v/x}κ′i = κ
′
i (k ≤ i ≤ n). Furthermore,

K =K1 &K2

κk,⋯, κn, κn+1,⋯, κn+m = κ′k,⋯, κ
′
n, κ

′
n+1,⋯, κ

′
n+m & κ′′n+l,⋯, κ

′′
n+m (1 ≤ l ≤m)

= κ′k,⋯, κ
′
n, κ

′
n+1,⋯, κ

′
n+l−1, κ

′
n+l[κ

′′
n+l],⋯, κ

′
n+m[κ′′n+m]

That is,

κi = {
κ′i if k ≤ i ≤ n + l − 1
κ′i[κ

′′
i ] if n + l ≤ i ≤ n +m

Therefore,

{v/x}κi = {v/x}κ′i (k ≤ i ≤ n)

= κ′i (k ≤ i ≤ n) (IH)

= κi (k ≤ i ≤ n)

– Case ∣K2∣ = ∣K1 &K2∣. Dual with the previous case. Omitted.

• Case (TBOX)1.

– Case m = 0. x ∈ rn and

r0,⋯, rn,� ⊢ e↦ (e, (κk,⋯, κn, κ))

r0,⋯, rn ⊢ box e↦ (κ[λu.e], (κk,⋯, κn))

By (IH), {v/x}κi = κi (k ≤ i ≤ n).

– Case m ≥ 1. x ∈ rn and

r0,⋯, rn, rn+1,⋯, rn+m,� ⊢ e↦ (e, (κk,⋯, κn, κn+1,⋯, κn+m, κ))
r0,⋯, rn, rn+1,⋯, rn+m ⊢ box e↦ (κ[λu.e], (κk,⋯, κn, κn+1,⋯, κn+m))

By (IH), {v/x}κi = κi (k ≤ i ≤ n).

• Case (TBOX)2. K = �. Premise is not satisfied. Not applicable case. Ignored.

• Case (TUNB).

– Case m = 0. x ∈ rn and

r0,⋯, (rn−1; rn) ⊢ e↦ (e, (κk,⋯, κn−1)) rn = xl;⋯;x0 ν = {wl/xl,⋯,w0/x0}

r0,⋯, rn−1, rn ⊢ unbox e↦ (Hν−1(), (κk,⋯, κn−1, (δH.[⋅]) ⊙ν e
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

κn

))

Clearly, x ∈ (rn−1; rn). By (IH), {v/x}κi = κi (k ≤ i ≤ n − 1). And

{v/x}κn = {v/x}((δH.[⋅]) ⊙ν e)

= (δH.{v/x}[⋅]) ⊙ν e (x ∈ dom(ν))

= (δH.[⋅]) ⊙ν e

= κn

Therefore, {v/x}κi = κi (k ≤ i ≤ n).

– Case m = 1. x ∈ rn and

r0,⋯, (rn; rn+1) ⊢ e↦ (e, (κk,⋯, κn))

r0,⋯, rn, rn+1 ⊢ unbox e↦ (Hν−1(), (κk,⋯, κn, (δH.[⋅]) ⊙ν e))

Clearly, x ∈ (rn; rn+1). By (IH), {v/x}κi = κi (k ≤ i ≤ n).
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– Case m ≥ 2. x ∈ rn and

r0,⋯, rn, rn+1,⋯, (rn+m−1; rn+m) ⊢ e↦ (e, (κk,⋯, κn, κn+1,⋯, κn+m−1))

r0,⋯, rn, rn+1,⋯, rn+m−1, rn+m ⊢ unbox e↦ (Hν−1(), (κk,⋯, κn, κn+1,⋯, κn+m−1, (δH.[⋅]) ⊙ν e))

By (IH), {v/x}κi = κi (k ≤ i ≤ n).

• Case (TRUN).

– Case m = 0. x ∈ rn and

r0,⋯, rn ⊢ e↦ (e, (κk,⋯, κn))

r0,⋯, rn ⊢ unbox e↦ (let h = e in (h()), (κk,⋯, κn))

By (IH), {v/x}κi = κi (k ≤ i ≤ n).

– Case m ≥ 1. x ∈ rn and

r0,⋯, rn, rn+1,⋯, rn+m ⊢ e↦ (e, (κk,⋯, κn, κn+1,⋯, κn+m))

r0,⋯, rn, rn+1,⋯, rn+m ⊢ unbox e↦ (let h = e in (h()), (κk,⋯, κn, κn+1,⋯, κn+m))

By (IH), {v/x}κi = κi (k ≤ i ≤ n).

Lemma 8 (Substitution Preservation). Suppose x ∈ Var, v ∈ Value0S , n ≥ 0, x ∉ ri (0 ≤ i ≤ n),
and � ⊢ v ↦ (v,�). Let R = r0,⋯, rn. If R ⊢ e↦ (e,K) then R ⊢ [x↦ v]e↦ ({v/x}e,{v/x}K).

Proof. By structural induction on the derivation of ⋅ ⊢ ⋅ ↦ (⋅, ⋅) (IH).

• Case (TCON).

1. R ⊢ i↦ (i,�) Premise

2. [x↦ v]i = i

3. {v/x}i = i

4. {v/x}� = �

5. R ⊢ [x↦ v]i↦ ({v/x}i,{v/x}�) (1), (2), (3), (4)

• Case (TVAR). R ⊢ y ↦ (y,�).

– Case x = y.

1. � ⊢ v ↦ (v,�) Premise

2. R ⊢ v ↦ (v,�) Lemma 5

3. [x↦ v]y = v

4. {v/x}y = v

5. {v/x}� = �

6. R ⊢ [x↦ v]y ↦ ({v/x}y,{v/x}�) (2), (3), (4), (5)

– Case x ≠ y.

1. R ⊢ y ↦ (y,�) Premise

2. [x↦ v]y = y

3. {v/x}y = y

4. {v/x}� = �

5. R ⊢ [x↦ v]y ↦ ({v/x}y,{v/x}�) (1), (2), (3), (4)
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• Case (TABS). R ⊢ λy.e↦ (λy.e,K).

– Case x = y.

1. R, rn ⊢ λx.e↦ (λx.e,K) Premise

2. R, (rn;x) ⊢ e↦ (e,K) (TABS)

3. {v/x}K =K (2), Lemma 7

4. [x↦ v]λx.e = λx.e

5. {v/x}λx.e = λx.e

6. R, rn ⊢ [x↦ v]λx.e↦ ({v/x}λx.e,{v/x}K) (1), (3), (4), (5)

– Case x ≠ y.

1. R, rn ⊢ λy.e↦ (λy.e,K) Premise

2. R, (rn; y) ⊢ e↦ (e,K) (TABS)

3. R, (rn; y) ⊢ [x↦ v]e↦ ({v/x}e,{v/x}K) (IH)

4. R, rn ⊢ λy.[x↦ v]e↦ (λy.{v/x}e,{v/x}K) (TABS)

5. R, rn ⊢ [x↦ v]λy.e↦ ({v/x}λy.e,{v/x}K)

• Case (TAPP).

1. R ⊢ e1 e2 ↦ (e1 e2,K1 &K2) Premise

2. R ⊢ e1 ↦ (e1,K1) (1), (TAPP)

3. R ⊢ e2 ↦ (e2,K2) (1), (TAPP)

4. R ⊢ [x↦ v]e1 ↦ ({v/x}e1,{v/x}K1) (2), (IH)

5. R ⊢ [x↦ v]e2 ↦ ({v/x}e2,{v/x}K2) (3), (IH)

6. R ⊢ [x↦ v]e1 [x↦ v]e2 ↦ ({v/x}e1 {v/x}e2,{v/x}K1 & {v/x}K2)

(4), (5), (TAPP)

7. R ⊢ [x↦ v](e1 e2) ↦ ({v/x}(e1 e2),{v/x}(K1 &K2))

• Case (TBOX)1.

1. R ⊢ box e↦ (κ[λu.e],K) Premise

2. R,� ⊢ e↦ (e, (K,κ)) (TBOX)1

3. R,� ⊢ [x↦ v]e↦ ({v/x}e,{v/x}(K,κ)) (IH)

4. R,� ⊢ [x↦ v]e↦ ({v/x}e, ({v/x}K,{v/x}κ))

5. R ⊢ box [x↦ v]e↦ (({v/x}κ)[λu.{v/x}e],{v/x}K) (TBOX)1

6. R ⊢ [x↦ v](box e) ↦ ({v/x}(κ[λu.e]),{v/x}K)

• Case (TBOX)2.

1. R ⊢ box e↦ (λu.e,�) Premise

2. R,� ⊢ e↦ (e,�) (TBOX)2

3. R,� ⊢ [x↦ v]e↦ ({v/x}e,{v/x}�) (IH)

4. R ⊢ box [x↦ v]e↦ (λu.{v/x}e,{v/x}�) (TBOX)2

5. R ⊢ [x↦ v](box e) ↦ ({v/x}(λu.e),{v/x}�)

• Case (TUNB).

1. R, rn−1, rn ⊢ unbox e↦ (Hν(), (K, (δH.[⋅]) ⊙ν e)) Premise

2. R, (rn−1; rn) ⊢ e↦ (e,K) (TUNB)
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3. R, (rn−1; rn) ⊢ [x↦ v]e↦ ({v/x}e,{v/x}K) (IH)

4. R, rn−1, rn ⊢ unbox [x↦ v]e↦ (Hν(), ({v/x}K, (δH.[⋅]) ⊙ν {v/x}e)) (TUNB)

5. R, rn−1, rn ⊢ [x↦ v](unbox e) ↦ (Hν(), ({v/x}K,{v/x}((δH.[⋅]) ⊙ν e)))
x ∉ dom(ν)

6. R, rn−1, rn ⊢ [x↦ v](unbox e) ↦ (Hν(),{v/x}(K, (δH.[⋅]) ⊙ν e))

• Case (TRUN).

1. R ⊢ run e↦ (let h = e in (h()),K) Premise

2. R ⊢ e↦ (e,K) (TRUN)

3. R ⊢ [x↦ v]e↦ ({v/x}e,{v/x}K) (IH)

4. R ⊢ run [x↦ v]e↦ (let h = {v/x}e in (h()),{v/x}K) (TRUN)

5. R ⊢ [x↦ v](run e) ↦ ({v/x}(let h = e in (h())),{v/x}K)

5.6 Simulation

Definition 3 (Admin-Normal Form). An expresion e is admin-normal form if and only if there

does not exist e′ such that e
A
Ð→ e′. Furthermore, a continuation stack K is admin-normal form

if and only if there does not exist K ′ such that K
A
Ð→K ′.

Lemma 9 (Admin-Normal). If R ⊢ e↦ (e,K) then e and K are admin-normal form.

Proof. By structural induction on ExprS (IH).

Definition 4 (Continuation Closure). Let e ∈ ExprC and K be a continuation stack. The
continuation closure K(e) is defined as follows:

K(e) = {
K ′(κ[e]) if K = (K ′, κ)
e if K = �

Lemma 10 (Free Hole Variables wrt Continuation Closure). If e ∈ ExprS and R ⊢ e↦ (e,K)

then FH(K(e)) = ∅.

Proof. By structural induction on ExprS (IH).

Remark 2. If R ⊢ e ↦ (e,K) then {()/u}e = e, where u is a variable newly introduced at
(TBOX)1 and (TBOX)2.

Now we extend the reduction of λC into the translation as Figure 11.

Lemma 11 (Reduction Preservation). If e
n
Ð→ e′, R ⊢ e ↦ (e,K) and R ⊢ e′ ↦ (e′,K ′), then

⟨K,e⟩
C;A∗

Ð→⟨K ′, e′⟩

Proof. By structural induction on the derivation of ⋅
n
Ð→ ⋅ (IH).

• Case (APPS)1.

– Case n = 0.
e1

0
Ð→ e′1

e1 e
0
2

0
Ð→ e′1 e

0
2

.

R ⊢ e1 ↦ (e1,�) R ⊢ e02 ↦ (e02,�)

R ⊢ e1 e
0
2 ↦ (e1 e

0
2,�)

R ⊢ e′1 ↦ (e′1,�) R ⊢ e02 ↦ (e02,�)

R ⊢ e′1 e
0
2 ↦ (e′1 e

0
2,�)
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Definitions
e ∈ ExprC
K ∈ Continuation Stack

Modular Continuation Closure ∶∶= ⟨K,e⟩
Reduction on Modular Continuation Closure

(RNOR) e
C;A∗Ð→ e′

⟨�, e⟩ C;A
∗

Ð→ ⟨�, e′⟩

(RUNB)1
eH

C;A∗Ð→ e′H n ≥ 1

⟨((δH.[⋅]) ⊙ν eH , κ2,⋯, κn), e⟩
C;A∗Ð→ ⟨((δH.[⋅]) ⊙ν e′H , κ2,⋯, κn), e⟩

(RUNB)2
eH

C;A∗Ð→ e′H n ≥ 1

⟨((δH.κ) ⊙ν eH , κ2,⋯, κn), e⟩
C;A∗Ð→ ⟨((δH.κ) ⊙ν e′H , κ2,⋯, κn), e⟩

(RHFE)1
(e[Hν/H])[eH/H] A

∗

Ð→ e′ eH ∈ ValueC

⟨(δH.[⋅]) ⊙ν eH , e⟩
C;A∗Ð→ ⟨�, e′⟩

(RHFE)2
(e[Hν/H])[eH/H] A

∗

Ð→ e′ eH ∈ ValueC

⟨(δH.κ) ⊙ν eH , e⟩
C;A∗Ð→ ⟨κ, e′⟩

(RHFK)1
(κ2[Hν/H])[eH/H] A

∗

Ð→ κ′2 eH ∈ ValueC n ≥ 2

⟨((δH.[⋅]) ⊙ν eH , κ2,⋯, κn), e⟩
C;A∗Ð→ ⟨(κ′2, κ3,⋯, κn), e⟩

(RHFK)2
(κ2[Hν/H])[eH/H] A

∗

Ð→ κ′2 eH ∈ ValueC n ≥ 2

⟨((δH.κ) ⊙ν eH , κ2,⋯, κn), e⟩
C;A∗Ð→ ⟨(κ,κ′2, κ3,⋯, κn), e⟩

Figure 11: Reduction on Modular Continuation Closure
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1. ⟨�, e1⟩
C;A∗

Ð→ ⟨�, e′1⟩ (IH)

2. e1
C;A∗

Ð→ e′1 (1), (RNOR)

3. e1 e
0
2

C;A∗

Ð→ e′1 e
0
2 (2), (APPC)1, (APPA)1

4. ⟨�, e1 e
0
2⟩
C;A∗

Ð→ ⟨�, e′1 e
0
2⟩ (3), (RNOR)

– Case n ≥ 1.
e1

n
Ð→ e′1

e1 e
n
2

n
Ð→ e′1 e

n
2

.

R ⊢ e1 ↦ (e1,K1) R ⊢ en2 ↦ (en2 ,K2)

R ⊢ e1 e
n
2 ↦ (e1 e

n
2 ,K1 &K2)

R ⊢ e′1 ↦ (e′1,K
′
1) R ⊢ en2 ↦ (en2 ,K2)

R ⊢ e′1 e
n
2 ↦ (e′1 e

n
2 ,K

′
1 &K2)

By Lemma 1 and Lemma 2, ∣K1∣ = n and ∣K2∣ ≤ n. By (IH), ⟨K1, e1⟩
C;A∗

Ð→⟨K ′
1, e

′
1⟩.

In this case, (RNOR)cannot be applied.

∗ Case (RUNB)1.

1. K1 = (δH.[⋅]) ⊙ν eH , κ2,⋯, κn (IH), (RUNB)1

2. K ′
1 = (δH.[⋅]) ⊙ν e

′
H , κ2,⋯, κn (IH), (RUNB)1

3. e1 = e
′
1 (IH), (RUNB)1

4. e1 e
n
2 = e′1 e

n
2 (3)

5. eH
C;A∗

Ð→ e′H (IH), (RUNB)1

6. If ∣K2∣ = n then

⟨K1 &K2, e1 e
n
2 ⟩
C;A∗

Ð→⟨K ′
1 &K2, e

′
1 e

n
2 ⟩ (1), (2), (4), (5), (RUNB)2

7. If ∣K2∣ < n then

⟨K1 &K2, e1 e
n
2 ⟩
C;A∗

Ð→⟨K ′
1 &K2, e

′
1 e

n
2 ⟩ (1), (2), (4), (5), (RUNB)1

∗ Case (RUNB)2. Similar with (RUNB)1. Omitted.

∗ Case (RHFE)1.

1. K1 = (δH.[⋅]) ⊙ν eH (IH), (RHFE)1

2. K ′
1 = � (IH), (RHFE)1

3. (e1[H
ν/H])[eH/H]

A∗

Ð→ e′1 (IH), (RHFE)1

4. ((e1 e
n
2 )[H

ν/H])[eH/H]
A∗

Ð→ e′1 e
n
2 (3), H ∉ FH(en2 )

5. If ∣K2∣ = ∣K1∣ then

⟨K1 &K2, e1 e
n
2 ⟩
C;A∗

Ð→⟨K ′
1 &K2, e

′
1 e

n
2 ⟩ (1), (2), (4), (RHFE)2

6. If ∣K2∣ < ∣K1∣ then

⟨K1 &K2, e1 e
n
2 ⟩
C;A∗

Ð→⟨K ′
1 &K2, e

′
1 e

n
2 ⟩ (1), (2), (4), (RHFE)1

∗ Case (RHFE)2. Similar with (RHFE)1. Omitted.

∗ Case (RHFK)1.

1. K1 = (δH.[⋅]) ⊙ν eH , κ2,⋯, κn (IH), (RHFK)1

2. K ′
1 = κ

′
2, κ3,⋯, κn (IH), (RHFK)1

3. (κ2[H
ν/H])[eH/H]

A∗

Ð→ κ′2 (IH), (RHFK)1

4. e1 = e
′
1 (IH), (RHFK)1

5. e1 e
n
2 = e′1 e

n
2 (4)
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6. If ∣K2∣ = ∣K1∣ then

⟨K1 &K2, e1 e
n
2 ⟩
C;A∗

Ð→⟨K ′
1 &K2, e

′
1 e

n
2 ⟩

(1), (2), (3), (5), H ∉ FH(K2), (RHFK)2
7. If ∣K2∣ < ∣K1∣ then

⟨K1 &K2, e1 e
n
2 ⟩
C;A∗

Ð→⟨K ′
1 &K2, e

′
1 e

n
2 ⟩

(1), (2), (3), (5), H ∉ FH(K2), (RHFK)1
∗ Case (RHFK)2. Similar with (RHFK)1. Omitted.

• Case (APPS)2. Similar with (APPS)1. Omitted.

• Case (APPS)3. (λx.e0) v0
0
Ð→ [x↦ v0]e0.

1.

r0;x ⊢ e0 ↦ (e0,�)

r0 ⊢ λx.e
0 ↦ (λx.e0,�) r0 ⊢ v

0 ↦ (v0,�)

r0 ⊢ (λx.e0) v0 ↦ ((λx.e0) v0,�)

2. r0 ∖ {x} ⊢ e0 ↦ (e0,�) (1), Lemma 5

3. � ⊢ v0 ↦ (v0,�) (1), Lemma 5

4. r0 ∖ {x} ⊢ [x↦ v0]e0 ↦ ({v0/x}e0,�) (2), (3), Lemma 8

5. r0 ⊢ [x↦ v0]e0 ↦ ({v0/x}e0,�) (4), Lemma 5

6. FH(e0) = FH(v0) = ∅ (1), Lemma 10

7. (λx.e0) v0
C
Ð→ {v0/x}e0 (6), (APPC)3

8. (λx.e0) v0
C;A∗

Ð→ {v0/x}e0 (7), Lemma 9

9. ⟨�, (λx.e0) v0⟩
C;A∗

Ð→ ⟨�,{v0/x}e0⟩ (8), (RNOR)

• Case (BOXS).

– Case n = 0.
e

1
Ð→ e′

box e
0
Ð→ box e′

. By Lemma 1, depth(e) = 1. By Lemma 2,

∣K ∣ = depth(e) = 1. Therefore (TBOX)2 cannot be applied, since ∣K ∣ = ∣�∣ = 0 ≠ 1. By
(TBOX)1,

r0,� ⊢ e↦ (e, κ1)

r0 ⊢ box e↦ (κ1[λu.e],�)

r0,� ⊢ e
′ ↦ (e′, κ′1)

r0 ⊢ box e
′ ↦ (κ′1[λu

′.e′],�)

By (IH), ⟨κ1, e⟩
C;A∗

Ð→⟨κ′1, e
′⟩. In this case, (RNOR), (RHFK)1 and (RHFK)2 cannot be

applied.

∗ Case (RUNB)1.

1. κ1 = (δH.[⋅]) ⊙ν eH (IH), (RUNB)1
2. κ′1 = (δH.[⋅]) ⊙ν e

′
H (IH), (RUNB)1

3. e = e′ (IH), (RUNB)1

4. eH
C;A∗

Ð→ e′H (IH), (RUNB)1
5.

κ1[λu.e] = (δH.λu.e) ⊙ν eH (1)

C;A∗

Ð→ (δH.λu.e) ⊙ν e′H ((4), Lemma 9)

= (δH.λu.e′) ⊙ν e′H (3)

≡C (δH.λu′.e′) ⊙ν e′H (u′ ∉ FV(e′))
= κ′1[λu

′.e′] (2)
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6. ⟨�, κ1[λu.e]⟩
C;A∗

Ð→⟨�, κ′1[λu
′.e′]⟩ (5)

∗ Case (RUNB)2. Similar with (RUNB)1. Omitted.

∗ Case (RHFE)1.

1. κ1 = (δH.[⋅]) ⊙ν eH (IH), (RHFE)1

2. κ′1 = � (IH), (RHFE)1

3. (e[Hν/H])[eH/H]
A∗

Ð→ e′ (IH), (RHFE)1

4. eH ∈ ValueC (IH), (RHFE)1

κ1[λu.e] = (δH.λu.e) ⊙ν eH (1)

C
Ð→ ((λu.e)[Hν

/H])[eH/H] (4), ((HAPPC)3)
= λu.(e[Hν

/H])[eH/H]

A∗

Ð→ λu.e′ (3)

≡C λu′.e′ (u′ ∉ FV(e′))
= �[λu′.e′]
= κ′1[λu

′.e′] (2)

∗ Case (RHFE)2.

1. κ1 = (δH.κ) ⊙ν eH (IH), (RHFE)1

2. κ′1 = κ (IH), (RHFE)1

3. (e[Hν/H])[eH/H]
A∗

Ð→ e′ (IH), (RHFE)1

4. eH ∈ ValueC (IH), (RHFE)1

5. H ∉ FH(κ) (1), Lemma 3

κ1[λu.e] = (δH.κ[λu.e]) ⊙ν eH (1)

C
Ð→ ((κ[λu.e])[Hν

/H])[eH/H] (4), ((HAPPC)3)
= ((κ[Hν

/H])[eH/H])[λu.(e[Hν
/H])[eH/H]]

= κ[λu.(e[Hν
/H])[eH/H]] (5)

A∗

Ð→ κ[λu.e′] (3)

≡C κ[λu′.e′] (u′ ∉ FV(e′))
= κ′1[λu

′.e′] (2)

– Case n ≥ 1.
e
n+1
Ð→ e′

box e
n
Ð→ box e′

. (TBOX)2 cannot be applied, by Lemma 1 and

Lemma 2. By (TBOX)1,

R,� ⊢ e↦ (e, (K,κn+1))
R ⊢ box e↦ (κn+1[λu.e],K)

R,� ⊢ e′ ↦ (e′, (K ′, κ′n+1))
R ⊢ box e′ ↦ (κ′n+1[λu

′.e′],K ′)

By (IH), ⟨(K,κn+1), e⟩
C;A∗

Ð→⟨(K ′, κ′n+1), e
′⟩. In this case, (RNOR), (RHFE)1 and (RHFE)2

cannot be applied.

∗ Case (RUNB)1.

1. (K,κn+1) = (δH.[⋅]) ⊙ν eH , κ2,⋯, κn, κn+1 (IH), (RUNB)1

2. (K ′, κ′n+1) = (δH.[⋅]) ⊙ν e
′
H , κ2,⋯, κn, κn+1 (1), (IH), (RUNB)1

3. κn+1 = κ′n+1 (1), (2)
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4. K = (δH.[⋅]) ⊙ν eH , κ2,⋯, κn (1)

5. K ′ = (δH.[⋅]) ⊙ν e
′
H , κ2,⋯, κn (2)

6. e = e′ (IH), (RUNB)1

7. eH
C;A∗

Ð→ e′H (IH), (RUNB)1

8.

κn+1[λu.e] = κ′n+1[λu.e
′
] (3), (6))

≡C κ′n+1[λu
′.e′] (u′ ∉ FV(e′))

9. ⟨K,κn+1[λu.e]⟩
C;A∗

Ð→⟨K ′, κ′n+1[λu
′.e′]⟩ (4), (5), (7), (8), (RUNB)1

∗ Case (RUNB)2. Similar with (RUNB)1. Omitted.

∗ Case (RHFK)1.

· Case n = 1.

1. (K,κ2) = (δH.[⋅]) ⊙ν eH , κ2 (IH), (RHFK)1

2. (K ′, κ′2) = κ
′
2 (IH), (RHFK)1

3. K = (δH.[⋅]) ⊙ν eH (1)

4. K ′ = � (2)

5. (κ2[H
ν/H])[eH/H]

A∗

Ð→ κ′2 (IH), (RHFK)1

6. e = e′ (IH), (RHFK)1

7. eH ∈ ValueC (IH), (RHFK)1

8. H ∉ FH(e) (1), Lemma 3

9.

((κ2[λu.e])[H
ν
/H])[eH/H] = ((κ2[H

ν
/H])[eH/H])[λu.e] (8)

C;A∗

Ð→ κ′2[λu.e] ((5), Lemma 9)

= κ′2[λu.e
′
] (6)

≡C κ′2[λu
′.e′] (u′ ∉ FV(e′))

10. ⟨K,κ2[λu.e]⟩
C;A∗

Ð→⟨K ′, κ′2[λu
′.e′]⟩ (3), (4), (7), (9), (RHFE)1

· Case n ≥ 2.

1. (K,κn+1) = (δH.[⋅]) ⊙ν eH , κ2,⋯, κn, κn+1 (IH), (RHFK)1

2. (K ′, κ′n+1) = κ
′
2, κ3,⋯, κn, κn+1 (1), (IH), (RHFK)1

3. κn+1 = κ′n+1 (1), (2)

4. K = (δH.[⋅]) ⊙ν eH , κ2,⋯, κn (1)

5. K ′ = κ′2, κ3,⋯, κn (2)

6. (κ2[H
ν/H])[eH/H]

A∗

Ð→ κ′2 (IH), (RHFK)1

7. e = e′ (IH), (RHFK)1

8.

κn+1[λu.e] = κ′n+1[λu.e
′
] (3), (7)

≡C κ′n+1[λu
′.e′] (u′ ∉ FV(e′))

9. ⟨K,κn+1[λu.e]⟩
C;A∗

Ð→⟨K ′, κ′n+1[λu
′.e′]⟩ (4), (5), (6), (8), (RHFK)1

∗ Case (RHFK)2. Similar with (RHFK)1. Omitted.

• Case (UNBS)1.
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– Case n = 1.
e

0
Ð→ e′

unbox e
1
Ð→ unbox e′

.

r0; r1 ⊢ e↦ (e,�)

r0, r1 ⊢ unbox e↦ (Hν−1

1 (), (δH1.[⋅]) ⊙ν e)

r0; r1 ⊢ e
′ ↦ (e′,�)

r0, r1 ⊢ unbox e
′ ↦ (Hν−1

2 (), (δH2.[⋅]) ⊙ν e
′)

1. ⟨�, e⟩
C;A∗

Ð→ ⟨�, e′⟩ (IH)

2. e
C;A∗

Ð→ e′ (1), (RNOR)

⟨(δH1.[⋅]) ⊙ν e,H
ν−1

1 ()⟩
C;A∗

Ð→ ⟨(δH1.[⋅]) ⊙ν e
′,Hν−1

1 ()⟩ ((2), (RUNB)1)

≡C ⟨(δH2.[⋅]) ⊙ν e
′,Hν−1

2 ()⟩

– Case n = 2.
e

1
Ð→ e′

unbox e
2
Ð→ unbox e′

.

r0, (r1; r2) ⊢ e↦ (e,K)

r0, r1, r2 ⊢ unbox e↦ (Hν−1

1 (), (K, (δH1.[⋅]) ⊙ν e))

r0, (r1; r2) ⊢ e
′ ↦ (e′,K ′)

r0, r1, r2 ⊢ unbox e
′ ↦ (Hν−1

2 (), (K ′, (δH2.[⋅]) ⊙ν e
′))

By (IH), ⟨K,e⟩
C;A∗

Ð→⟨K ′, e′⟩. In this case, (RNOR), (RHFK)1 and (RHFK)2 cannot be
applied.

∗ Case (RUNB)1.

1. K = (δH.[⋅]) ⊙ν eH (IH), (RUNB)1

2. K ′ = (δH.[⋅]) ⊙ν e
′
H (IH), (RUNB)1

3. e = e′ (IH), (RUNB)1

4. eH
C;A∗

Ð→ e′H (IH), (RUNB)1

5.

⟨(K, (δH1.[⋅]) ⊙ν e),H
ν−1

1 ()⟩
C;A∗

Ð→ ⟨(K ′, (δH1.[⋅]) ⊙ν e
′
),Hν−1

1 ()⟩

((1), (2), (3), (4), (RUNB)1)

≡C ⟨(K ′, (δH2.[⋅]) ⊙ν e
′
),Hν−1

2 ()⟩

∗ Case (RUNB)2. Similar with (RUNB)1. Omitted.

∗ Case (RHFE)1.

1. K = (δH.[⋅]) ⊙ν eH (IH), (RHFE)1

2. K ′ = � (IH), (RHFE)1

3. (e[Hν/H])[eH/H]
A∗

Ð→ e′ (IH), (RHFE)1

4. eH ∈ ValueC (IH), (RHFE)1

5.

(((δH1.[⋅]) ⊙ν e)[H
ν
/H])[eH/H] = (δH1.[⋅]) ⊙ν (e[Hν

/H])[eH/H]

A∗

Ð→ (δH1.[⋅]) ⊙ν e
′ (3)
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⟨(K, (δH1.[⋅]) ⊙ν e),H
ν−1

1 ()⟩
C;A∗

Ð→ ⟨(δH1.[⋅]) ⊙ν e
′,Hν−1

1 ()⟩

((1), (4), (5), (RHFK)1)

= ⟨(�, (δH1.[⋅]) ⊙ν e
′
),Hν−1

1 ()⟩

= ⟨(K ′, (δH1.[⋅]) ⊙ν e
′
),Hν−1

1 ()⟩ (2)

≡C ⟨(K ′, (δH2.[⋅]) ⊙ν e
′
),Hν−1

2 ()⟩

∗ Case (RHFE)2. Similar with (RHFE)1. Omitted.

– Case n ≥ 3.
e
n−1
Ð→ e′

unbox e
n
Ð→ unbox e′

.

R, (rn−1; rn) ⊢ e↦ (e,K)

R, rn−1, rn ⊢ unbox e↦ (Hν−1

1 (), (K, (δH1.[⋅]) ⊙ν e))

R, (rn−1; rn) ⊢ e
′ ↦ (e′,K ′)

R, rn−1, rn ⊢ unbox e′ ↦ (Hν−1

2 (), (K ′, (δH2.[⋅]) ⊙ν e
′))

By (IH), ⟨K,e⟩
C;A∗

Ð→⟨K ′, e′⟩. In this case, (RNOR), (RHFE)1 and (RHFE)2 cannot be
applied.

∗ Case (RUNB)1.

1. K = (δH.[⋅]) ⊙ν eH , κ2,⋯, κn−1 (IH), (RUNB)1

2. K ′ = (δH.[⋅]) ⊙ν e
′
H , κ2,⋯, κn−1 (IH), (RUNB)1

3. e = e′ (IH), (RUNB)1

4. eH
C;A∗

Ð→ e′H (IH), (RUNB)1

5.

⟨(K, (δH1.[⋅]) ⊙ν e),H
ν−1

1 ()⟩
C;A∗

Ð→ ⟨(K ′, (δH1.[⋅]) ⊙ν e
′
),Hν−1

1 ()⟩

((1), (2), (3), (4), (RUNB)1)

≡C ⟨(K ′, (δH2.[⋅]) ⊙ν e
′
),Hν−1

2 ()⟩

∗ Case (RUNB)2. Similar with (RUNB)1. Omitted.

∗ Case (RHFK)1.

1. K = (δH.[⋅]) ⊙ν eH , κ2,⋯, κn−1 (IH), (RHFK)1

2. K ′ = κ′2, κ3,⋯, κn−1 (IH), (RHFK)1

3. (κ2[H
ν/H])[eH/H]

A∗

Ð→ κ′2 (IH), (RHFK)1

4. e = e′ (IH), (RHFK)1

5.

⟨(K, (δH1.[⋅]) ⊙ν e),H
ν−1

1 ()⟩
C;A∗

Ð→ ⟨(K ′, (δH1.[⋅]) ⊙ν e
′
),Hν−1

1 ()⟩

((1), (2), (3), (4), (RHFK)1)

≡C ⟨(K ′, (δH2.[⋅]) ⊙ν e
′
),Hν−1

2 ()⟩

∗ Case (RHFK)2. Similar with (RHFK)1. Omitted.

• Case (UNBS)2. unbox (box v1)
1
Ð→ v1.

1.

(r0; r1),� ⊢ v
1 ↦ (v1,�)

r0; r1 ⊢ box v
1 ↦ (λu.v1,�)

r0, r1 ⊢ unbox (box v1) ↦ (Hν−1(), (δH.[⋅]) ⊙ν λu.v
1)
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2. r0, r1 ⊢ v
1 ↦ (v1,�) (1), Lemma 5

3. λu.v1 ∈ ValueC
4.

((Hν())[Hν−1
/H])[(λu.v1)/H] = (Hν−1⋆ν())[(λu.v1)/H]

= (ν−1 ⋆ ν λu.v1) ()

= ({} λu.v1) ()

= λu.v1 ()

A
Ð→ {()/u}v1

= v1 (Remark 2)

5. ⟨(δH.[⋅]) ⊙ν λu.v
1,Hν−1()⟩

C;A∗

Ð→⟨�, v1⟩ (3), (4), (RHFE)1

• Case (RUNS)1.

– Case n = 0.
e

0
Ð→ e′

run e
0
Ð→ run e′

.

r0 ⊢ e↦ (e,�)

r0 ⊢ run e↦ (let h = e in (h()),�)

r0 ⊢ e
′ ↦ (e′,�)

r0 ⊢ run e
′ ↦ (let h′ = e′ in (h′()),�)

1. ⟨�, e⟩
C;A∗

Ð→⟨�, e′⟩ (IH)

2. e
C;A∗

Ð→ e′ (1), (RNOR)

3.

let h = e in (h())
C;A∗

Ð→ let h = e′ in (h()) (2)

≡C let h′ = e′ in (h′())

4. ⟨�,let h = e in (h())⟩
C;A∗

Ð→⟨�,let h′ = e′ in (h′())⟩ (3), (RNOR)

– Case n ≥ 1.
e

n
Ð→ e′

run e
n
Ð→ run e′

.

R ⊢ e↦ (e,K)

R ⊢ run e↦ (let h = e in (h()),K)

R ⊢ e′ ↦ (e′,K ′)
R ⊢ run e′ ↦ (let h′ = e′ in (h′()),K ′)

By (IH), ⟨K,e⟩
C;A∗

Ð→⟨K ′, e′⟩. In this case, (RNOR)cannot be applied.

∗ Case (RUNB)1.

1. K = (δH.[⋅]) ⊙ν eH , κ2,⋯, κn (IH), (RUNB)1

2. K ′ = (δH.[⋅]) ⊙ν e
′
H , κ2,⋯, κn (IH), (RUNB)1

3. e = e′ (IH), (RUNB)1

4.

let h = e in (h()) = let h = e′ in (h()) (3)

≡
c
C let h

′
= e′ in (h′())

5. eH
C;A∗

Ð→ e′H (IH), (RUNB)1
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6. ⟨K,let h = e in (h())⟩
C;A∗

Ð→⟨K ′,let h′ = e′ in (h′())⟩
(1), (2), (4), (5), (RUNB)1

∗ Case (RUNB)2. Similar with (RUNB)1. Omitted.

∗ Case (RHFE)1.

1. K = (δH.[⋅]) ⊙ν eH (IH), (RHFE)1

2. K ′ = � (IH), (RHFE)1

3. (e[Hν/H])[eH/H]
A∗

Ð→ e′ (IH), (RHFE)1

4.

((let h = e in (h()))[Hν
/H])[eH/H] = let h = (e[Hν

/H])[eH/H] in (h())

A∗

Ð→ let h = e′ in (h()) (3)

≡C let h′ = e′ in (h′())

5. ⟨K,let h = e in (h())⟩
C;A∗

Ð→⟨K ′,let h′ = e′ in (h′())⟩
(1), (2), (4), (RHFE)1

∗ Case (RHFE)2. Similar with (RHFE)1. Omitted.

∗ Case (RHFK)1.

1. K = (δH.[⋅]) ⊙ν eH , κ2,⋯, κn (IH), (RHFK)1

2. K ′ = κ′2, κ3,⋯, κn (IH), (RHFK)1

3. (κ2[H
ν/H])[eH/H]

A∗

Ð→ κ′2 (IH), (RHFK)1

4. e = e′ (IH), (RHFK)1

5.

let h = e in (h()) = let h = e′ in (h()) (4)

≡
c
C let h

′
= e′ in (h′())

6. ⟨K,let h = e in (h())⟩
C;A∗

Ð→⟨K ′,let h′ = e′ in (h′())⟩
(1), (2), (3), (5), (RHFK)1

∗ Case (RHFK)2. Similar with (RHFK)1. Omitted.

• Case (RUNS)2. run (box v1)
0
Ð→ v1.

1.

r0,� ⊢ v
1 ↦ (v1,�)

r0 ⊢ box v
1 ↦ (λu.v1,�)

r0 ⊢ run (box v1) ↦ (let h = λu.v1 in (h()),�)

2. r0 ⊢ v
1 ↦ (v1,�) (1), Lemma 5

3. λu.v1 ∈ ValueC
4.

let h = λu.v1 in (h())
C
Ð→ λu.v1 () (3)

A
Ð→ {()/u}v1

= v1 (Lemma 2)

5. ⟨�,let h = λu.v1 in (h())⟩
C;A∗

Ð→⟨�, v1⟩ (4), (RNOR)

• Case (ABSS). Similar with (RUNS)1. Omitted.
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Proof of Theorem 1. There exists such e and e′ by Lemma 4, Corollary 1. The case for reducible
expressions is a corollary of Lemma 11, and Lemma 6 proves the case for values.

5.7 Inversion

Lemma 12. Assume e is a λC expression, κ is a continuation, and H is a hole environment.
If H∪ κ ⊢ e↣ e then H ⊢ κ[e] ↣ e.

Proof. by induction on κ.

• Let κ = (δH.[⋅]) ⊙ν eH .

Suppose H∪(δH.[⋅]) ⊙ν eH ⊢ e↣ e. We have H∪{H ∶ eH} ⊢ e↣ e since (δH.[⋅]) ⊙ν eH =

{H ∶ eH}. Also, by definition of the inverse translation, we have H ⊢ (δH.e) ⊙ν eH ↣ e.

• Let κ = (δH.κ′) ⊙ν eH .

Suppose H ∪ (δH.κ′) ⊙ν eH ⊢ e ↣ e. We have H ∪ κ′ ∪ {H ∶ eH} ⊢ e ↣ e since

(δH.κ′) ⊙ν eH = κ′ ∪ {H ∶ eH}. By induction hypothesis, H ∪ {H ∶ eH} ⊢ κ′[e] ↣ e.
Also, by definition of the inverse translation, we have H ⊢ (δH.κ′[e]) ⊙ν eH ↣ e.

Proof of Theorem 2. by structural induction on e. We are going to show only the interesting
cases; other cases follow straightforward from the induction hypothesis.

• Let e = x.
Suppose R ⊢ x↦ (x,�). We have ∅ ⊢ x↣ x.

• Let e = box e′.
Suppose R,� ⊢ e ↦ (e,K). We have two cases on translation of box e, depending on
whether K equals to � of not.

– Case K = �.
We have R ⊢ box e↦ (λu.e,�). By induction hypothesis, we have H ⊢ e↣ e for any
H. So we have H ⊢ λu.e↣ box e.

– Case K =K ′, κ.
We have R ⊢ box e↦ (κ[λu.e],K ′). Suppose K ′ ⊆ H. We have K ′, κ =K ′∪κ ⊆ H∪κ.
By induction hypothesis, we have H∪ κ ⊢ e ↣ e. So we have H∪ κ ⊢ λu.e ↣ box e.
By Lemma 12, H ⊢ κ[λu.e] ↣ box e.

• Let e = unbox e′.
Suppose R, rn−1, rn ⊢ unbox e↦ (Hν−1 (), (K, ((δH.[⋅])⊙ν e))). We have R, (rn−1; rn) ⊢

e ↦ (e,K), and ν = {x/x ∣ x ∈ rn}. Suppose (K, ((δH.[⋅]) ⊙ν e)) ⊆ H. We have

(K, ((δH.[⋅]) ⊙ν e)) = K ∪ {H ∶ e}. Then, we have K ⊆ (K, ((δH.[⋅]) ⊙ν e)) ⊆ H. By

induction hypothesis, we have H ⊢ e ↣ e. Also, H(H) = e. So we have H ⊢ Hν−1 () ↣

unbox e.
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A Static Analysis of the Context Calculus

In this section, we present the set-based analysis [3] for the Context Calculus [2].

A.1 Construction

Figure 12 represents how set constraints are constructed in the context calculus. (SCHVAR),
(SCHAPP), (SCHABS), and (SCHUNIT) are added to handle new terms of the context calculus.
This expansion is natural because of the following reasons: (1) New terms such as δH.e and
e1 ⊙ν e2 have a similar reduction to λx.e and e1 e2. (2) Difference between the normal ab-
straction/application and the hole abstraction/application does not affect the construction of
set constraints, since the set-based analysis assumes that all variables are distinct from each
other.

A.2 Simplification

Simplification algorithm for the context calculus is also presented in Figure 12. Only case of
happly added to usual simplification algorithm, and it is similar to the case of apply.
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Construction of Set Constraints

(SCCONST)
i▷ (X ,{X ⊇ i})

(SCVAR)
x▷ (Xx,{})

(SCHVAR)
Hν ▷ (XH ,{})

(SCAPP)
e1 ▷ (X1,C1) e2 ▷ (X2,C2)

e1 e2 ▷ (Y,{Y ⊇ apply(X1,X2)} ∪ C1 ∪ C2)

(SCABS)
e▷ (X ,C)

λx.e▷ (Y,{Y ⊇ λx.e, ran(λx.e) ⊇ X} ∪ C)

(SCHAPP)
e1 ▷ (X1,C1) e2 ▷ (X2,C2)

e1 ⊙ν e2 ▷ (Y,{Y ⊇ happly(X1,X2)} ∪ C1 ∪ C2)

(SCHABS)
e▷ (X ,C)

δH.e▷ (Y,{Y ⊇ δH.e,hran(δH.e) ⊇ X} ∪ C)

(SCHUNIT)
()▷ (X ,{X ⊇ ()})

Simplification Algorithm

input a collection C of set constraints;
repeat
— if X ⊇ apply(X1,X2) and X1 ⊇ λx.e both appear in C then
— — add X ⊇ ran(λx.e) to C;
— — add Xx ⊇ X2 to C;
— if X ⊇ happly(X1,X2) and X1 ⊇ δH.e both appear in C then
— — add X ⊇ hran(δH.e) to C;
— — add Xx ⊇ X2 to C;
— if X ⊇ X ′ and X ′ ⊇ ae both appear in C,
— — where ae is atomic and not a set variable, then
— — add X ⊇ ae to C;
until no step changes C;
output explicit(C);

Figure 12: Set-Based Analysis of the Context Calculus
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